
Министерство образования и науки Российской Федерации 
Федеральное государственное бюджетное образовательное учреждение 

высшего профессионального образования 
 

Санкт-Петербургский государственный технологический 
университет растительных полимеров 

             
 
 
 

В.М. ПЕСТРИКОВ 
 
 

МАТЕМАТИЧЕСКОЕ МОДЕЛИРОВАНИЕ  
ТЕПЛОТЕХНИЧЕСКИХ ЗАДАЧ  

В ПРОГРАММИРУЕМЫХ СРЕДАХ 
 
 
 

Учебное пособие 
 
 
 
 
 
 
 
 
 
 
 
 
 

Санкт-Петербург 
2009 

Н
А
УЧ

Н
О

-И
Н
Ф
О
Р
М
А
Ц
И
О
Н
Н
Ы
Й

  Ц
Е
Н
ТР

  С
А
Н
КТ

-П
Е
ТЕ

Р
БУ

Р
ГС

КО
ГО

  Г
О
С
УД

А
Р
С
ТВ

Е
Н
Н
О
ГО

  Т
Е
Х
Н
О
ЛО

ГИ
Ч
Е
С
КО

ГО
  У

Н
И
В
Е
Р
С
И
ТЕ

ТА
  Р

А
С
ТИ

ТЕ
ЛЬ

Н
Ы
Х

  П
О
ЛИ

М
Е
Р
О
В

 



---, 

i~~ti=~~~ 
;\y;~\"BlWot~~Y}1Mhm CP~At\X 
".;ir~:""~(Z~~:t::-," .:,' ­ '.·',"":'712~":r:'~_,~,-<-_. ,: 

'.. ,n : 'VlJe~lJOe nocofiae 

r:-'". 

Camcr-Ilerepeypr 
2009
 

Н
А
УЧ

Н
О

-И
Н
Ф
О
Р
М
А
Ц
И
О
Н
Н
Ы
Й

  Ц
Е
Н
ТР

  С
А
Н
КТ

-П
Е
ТЕ

Р
БУ

Р
ГС

КО
ГО

  Г
О
С
УД

А
Р
С
ТВ

Е
Н
Н
О
ГО

  Т
Е
Х
Н
О
ЛО

ГИ
Ч
Е
С
КО

ГО
  У

Н
И
В
Е
Р
С
И
ТЕ

ТА
  Р

А
С
ТИ

ТЕ
ЛЬ

Н
Ы
Х

  П
О
ЛИ

М
Е
Р
О
В

 



<l>e.n;epaJIbHOe areHTCTBO no 06pa30BaHlUO 

Tocynapcraenuoe 06pa30BaTeJIbHOe yspeacztenae ssrcnrero 
npotpeccaoaansnoro 06Pa30BaHIDI 

«CAHKT-IIETEPEYPrCKMll rOCY,[(APCTBEHHhIll 
TEXHOJIOrWlECKMll YHHBEPCllTET 

PACTI1TEJIbHhIX IIOJlliMEPOB)) 

IIeCTpHKoB B.M. 

MATEMATHqECKOE MO,ll;EJIHPOBAHlIE
 
TEITJIOTEXHu:qECKHX3A,ll;Aq
 

B ITPOrPAMMHPYEMbIX CPE,ll;AX
 

yqe6HOe nocotiae 

J10~ iJi 

...•.• (~~-:~ ~-F r;.... ':_~ rl 
II \v' '.;o( \ . . '! "/1[1

p,} ',,:uiCa-nkt:fieTepfijp 
Lj'~i I 2009 

Cf1,"~C"f' ':'" . . . .. "'Jh~X 4
_-=;~J.::!Ll~:~~tJ·, "', ..._",,'.\., 11......d,\.I\ , 

Н
А
УЧ

Н
О

-И
Н
Ф
О
Р
М
А
Ц
И
О
Н
Н
Ы
Й

  Ц
Е
Н
ТР

  С
А
Н
КТ

-П
Е
ТЕ

Р
БУ

Р
ГС

КО
ГО

  Г
О
С
УД

А
Р
С
ТВ

Е
Н
Н
О
ГО

  Т
Е
Х
Н
О
ЛО

ГИ
Ч
Е
С
КО

ГО
  У

Н
И
В
Е
Р
С
И
ТЕ

ТА
  Р

А
С
ТИ

ТЕ
ЛЬ

Н
Ы
Х

  П
О
ЛИ

М
Е
Р
О
В

 



l 
Y,W< 621.1.016.001.57
 
liliK 31.3 '"
 ",i 

I1286 

neCTpHKOB B.M. MaTeMaTH'lecKoe MO,l(eJIHpOBaHHe TerrJIOTeXHHqeCKHX 

38,AIlq B nporpaMMHpyeMbIX cpeztax: yqe6Hoe nocofiae I rOYBIlO CIl6fTYPIl 

_ Cn6., 2009. - 104 c.: 25 HJI. 
B H8CTORmeM )"le6HoM rroco6HH rrpaseneasr JIeKl.(HH rro 

NaTeM8TH'iecKOM)' MO,l(e.lIHpoBalUfio TeIIJIOTexHHQeCKHX 3a,l(aq na KOMIThIOTepe, 

npe,l(H83HaQeRHLIe AJUI BbIIlOJJHeHHH KOMIIJIeKCHOro xypcosoro npoercra 

'?TY,l(CHTBMH If KYPca (6-ii ceMecTp) crrel.(HaJIbHOCTH 140104: «IlpoMbIIIIJIeHHaJI 

TeDJIOOHepreTHK8». 

PeueR3eHTLI: 1-' 
,l(OKTOp TeXBH'leCKHX aayx, nporpeccop KaljJe,l(pLI IlMHM CIl6rTYPIl 

<l>e,l(OpOB O.K.; I 
Be~H KOHC1pyKTOp CKE «Typ6HH8» IjJHJIHaJIa OAO «CHJIOBble 
MalIIHHbI» «JIeHHHrpa,n;cKHH . MeTaruIHqeCKHH 3aBO,l(», KaH,l(H.D.aT 

rexmrqecKHx nayx, .D.Ol.(eHT PbI6a.KOBc.r. 

PeKOMeH.D.0BaHO K H3.D.aHHIO Pe.D.a.KQHoHHO-H3,l(aTeJIbCKHM COBeTOM 

yHHBepCHTeTa B xaxecrse yqe6Horo nocofiaa. 

© rOYBnO CaHKT-fIeTep6yprcKHB 

rocY.D.apCTBeHHbIB rexaonorasecxsa ysasepcarer 

paCTHTeJIbHbIX nOJJHMepoB, 20M 

© Ilecrpaxos BRKTOp MWC4HJIOBHq, 2009 

IIPE,l(IfCJIOBHE 

B nocotiaa H3JIO)((eH KpaTKHH xypc JIeKl.(HH K BblIIOJIHeHHlO 

KOMllJIeKCHOro KypcoBoro rrpoeKTa )I,JIH CT}'.D.eHTOB 3 Kypca Crrel.(HaJIbHOCTH 

140104: «ITpoMbIIIIJIeHHaJI TerrJI03HepreTRK8», KOTOpLIH qHTaeTCH aBTOpoM B 

reseaae 60JIee 10 JIeT aa ljJaKyJIbTeTe ITT3 CIl6ITYPIl. OTo6paHHbIH )I,JIH 

JIeKl.(HH MaTepHaJI B OCHOBHOM CBH3aH C 3a.D.aqaMH TerrJIOTeXHHKH, xoropsre 
06blqHO BCTpeqalOTCH B npaxraxe 6Y.D.ymHx HH)I(eHepOB-TerrJIOTeXHHKoB. 

MaTepHaJI nocofias coorsercrsyer xypcy «YpaBHeHHH MaTeMamqeCKOH 

IjJH3HKH», qHTaeMoMy CTY.D.eHTaM MexaHHKO-MaTeMaTHqeCKHX ljJaKyJIbTeTOB 

yHHBepCHTeToB. K ypaBHeHHHM MaTeMaTHqeCKOH IjJH3HKH, KaK H3BeCTHO, 

OTHOCHT .D.HljJljJepeHl.(HaJIbHble ypaBHeHHH B qaCTHbIX rrpOH3BO.D.HbIX, a raxzce 

aexoropsre p0.D.CTBeHHble ypaBHeHHH HHbIX THrrOB (aarerpansaue, HHTerpO­

.D.HljJljJepeHl.(HaJIbHbIe H T•.D..), K KOTOpbIM rrpHBO.D.HT MaTeMaTHqeCKHH aHaJIH3 

IjJH3H'leCKHX HBJIeHHH. )l.JuI reopaa ypaBHeHHH MaTeMaTHqeCKOH IjJR3HKH 

xapaxrepna rrOCTaHOBKa 3a,n;aq B TaKOM BH.D.e, KaK 3TO Heo6xo.D.HMO npa 

HCCJIe.D.OBaHHH IjJH3HqeCKOrO HBJIeHHH. OrrHCbIBaJI IjJH3HqeCKOe HBJIeHHe 

ypasaeaaev, MbI, no-cyrnecrsy, CTpOHM ero MaTeMaTHqecKYIO MO.D.eJIb. B CBH3H 

C IIIHpOKHM Hcrr'OJIb30BaHHeM BblqHCJIHTeJIbHOH MaTeMaTHKH 60JIbIIIOe 

BHHMaHHe Y.D.eJIeHO HCCJIe.D.OBaHHIO MaTeMaTHqeCKHX MO.D.eJIeH IjJH3HKH C 

rrOMOmblO npaxsrx qHCJIeHllbIX MeTO.D.OB, peaJIH3yeMbIX aa 3BM, H B nepsyto 

osepezrs KOHeqHO-pa3HOCTHbIX MeTO.D.OB peureaas xpaessrx 3a.D.aQ. IloMHMo 

TeOpeTHQeCKHX aCrreKTOB npenaera, paccvorpeasr sonpoca rrpaKTH'leCKOH 

peaJIH3al.(HH pelIIeHHH ypaBHeHHH MareMaTHqeCKOH IjJH3HKH B Pa3JIHQHbIX 

nporpascorpyesrsrx cpenax (MathCad H Excel).. , 

.l{rrH yCBoeHHH MaTepHaJIa .D.OCTaTOqHO o6beMa 3HaHHH xypca «BbICrnaJI 

MaTeMaTHK8», QHTaeMOro B nyse, H )'MeHHH rrOJIb30BaTbCH rrporpaMMHbIMH 

rrpozryxrasor CHMBOJ1I>HOrO H KOOp,ll,HHaTHOro nporpaseaaposaaaa. 

ABTOP CqHTaeT CBOHM .D.OJIrOM nofinaronapars crapmero npenonasarens 

Tavapy Cepreesay CMHpHOBy sa cOBMecTHYIO pafiory . B rrpaKTHqeCKOH 

peaJIH3al.(HH .D.aHHOrO xypca JIeKl.(HH, a raiose aa neansre 3aMeQaHHH, C.D.eJIaHHble 

B nponecce pafiorsr, xoropue HaIIIJIH orofipaxceuae B HaCTOHmeM nocofiaa. 
OC06eHHaJI 6JIarO.D.apHOCTb .D.Ol.(eHT}' Cepreio Feopraesasy PbI6a.KOBy aa 

penemaposamre pyxonaca H raiose C.D.eJIaHHble npa :nOM 3aMeQaHHH, xoropue 

crroco6CTBOBaJIH ee ynysuremno. 

)l,OKTOpTeXHHQeCKHX nayx, nporpeccop ITeC1pHKoB B.M. 
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rJlABA 1. MO)J;EJlHPOBAHHE HAYQHO-TEXHWlECKHX 3~q 

B rnase npasoztarca OCHOBHbIe rrOHjjTHjj MaTeMaTWlecKoro H 

KOMrrbIOTepHOrO MO,neJIHpOBaHHjj. 

1.1.0cHOBHble nOHHTHH 

IIo~ MO~eJIHpOBaHHeM nOHHMaeTCH aaxeaa CJIO)KHOro no CBoeH 

npnpone o6'beKTa ,npyrHM 60JIee rrpOCTbIM, orofipaacasontaa ero OCHOBHbIe 
~; , 

CBOHCTBa C ueJIbIO nonyseaaa HHq,OpMaUHH 6 Ba)I(HeHIIIHX csoacrsax 06'beKTa­

oparanana C rrOMOlI.(bIO 06'beKTa-Mo,neJIH. TaKHM 06paJOM, Mo,neJIHpoBaHHe 

MO)l(eT 6bITb onpeneneao KaK npencraaneane 06'beKTa Mo,neJIbIO ,nAA 

nonysenns HHq,OpMaUHH 06 3TOM o6'beKTe nyresr nposenenas Mo,neJIbHOrO 

sxcnepaaeara. 
Hayxa npa H3yqeHHH CJIO)l(HbIX npoueccoa H jjBJIeHHH B q,H3HKe, XHMHH, 

6HOJIOrHH, 3KOHOMHKe, COI.(HOJIOlliH H r.n. HCrrOJIb3yeT COOTBl:;TCTByroll\HH 

MaTeMaTHqeCKHH armapar .nnjj HX onacaaas, Bonee TOqHOe MaTeMaTWIeCKoe 

OrrHCaHHe rrponeccos H jjBJIeHHH, npasonjrr K rrOjjBJIeHHIO CJIO)KHbIX 

MaTeMaTH'IeCKHX aanas, xoropsie He scerna ynaercs penrars aHaJIHTH'IeCKHMH 

MeTo,naMH B jjBHOM saae. Anjj penrenaa TaKHX 3a,na'l npaxonarcs npafierars K 

rrOCTpoeHHIO 60JIee' rrpOCTbIX MaTeMaTWleCKHX Mo,neJIeH, xoropue C 

,nOCTaTOqHOH TO'lHOCTbIO OOHCblBaIOT rrOCfaBJIeHHYIO sanasy [1,2). 
BbI60p Mo,zieJIH ):1M peurenas HayqHO-TeXHWIeCKOH rrp06JIeMbI 

onpenensercs He TOJIbKO xapaxrepov Mo,neJIHpyeMoro 06'beKTa, HO it 
crreUHq,HKOH caMoH aanasa. Hcxons H3 eroro, paapafiarsiaarorca 3TaITbI 

Mo,neJIbHOrO perneaas rrp06JIeMbI. YCJIOBHO MO)l(HO BbI,neJIHTh TpH OCHOBHbIX 

srana Mo,neJIHpoBaHl1jj rrOCTaBJIeHHOH aanaxa, xoropsre ,nOJI)I(HbI npaaecrn K 

peuremno rrp06JIeMbI: 

•	 nocrpoenae MaTeMaTHqeCKOH Mo,neJm:; 

•	 KOMrrbIOTepHM peanasauas npennosceaaoji MaTeMaTH'leCKOH 

Mo,neJIH (xosmsiorepaoe Mo,neJIHpOBaHHe); 

•	 OI.(eHKa zrocroeepnocra npennoxeaaoii Mo,neJIH H B03MO)l(HOCTb ee 

npaxrrrsecxoro HCrrOJIb30BaHHjj. 

lk 

ECJIH pe3YJIbTaTbI Mo,neJIHpOBaHHjj norrrsepxnarorca H MOryT CJIY)KHTb 

OCHOBOH ,nAA nporaoaaposaaas rrpoueccoB, nporexaroumx B HCCJIe.nyeMbIX 

ofisexrax, TO roaopsr, 'ITO Mo,neJIb anexsaraa 06'beKry. Ilpa :nOM 

a,neKBaTHOCTb Mo,neJIH 3aBHCHT OT ueJIH Mo,neJIHpOBaHHjj H npHHjjTbIX 

~ ... - KpHTepHeB. 

1.2. MaTeMaTH'IeCKOe MO~eJIHpOBaHHe 

Ilon MaTeMaTH'IeCKOH MO~eJIblO noaaxaerca rrpH6JIH)I(eHHOe onacaaae 

KaKOrO-JIH60 xnacca jjBJIeHHH snenmero MHpa rrpeztcraaneanoe C nosromsro 

4 

MaTeMaTHqeCKHX CHMBOJIOB B BH,lle CHCTeMbI MaTeMaTWlecKHX coornoureaaa, 

orrHCbIBaIOll\HX H3yqaeMbIH npouecc HJIH jjBJIeHHeM. 

MaTeMaTH'IeCKHe MO~eJIH rrpOI.\eCCOB PaJJIHqHOH npapozisr 06bIqHO 

6aJHpyroTCH aa aexoropov ynpoineaaa, H,lleaJIH3aQHH, orfipacsraaaaa rexI ,. 
I ~ q,aKTOpOB, xoropsre B ,llaHHbIH MOMeHT HJIH aa ,llaHHOM 3TaITe HCCJIe,noBaHHH 
l' 

rrpe,llCTaBJIHIOTCH HecYll\eCTBeHHbIMH. Hanpasrep, ,llHq,q,epeHI.(HaJIbHOe 

ypasaeaae (1.1), OIIHCbIBaIOll\ee noseneaae .KOJIe6aTeJIbHOrO KOHTYpa 

(PHC.!.!), He yxarsraaer HeJIHHeHHOCTH 3JIeMeHTOB KOHTYpa C, L: 

2i(t)
d +_1 i(t)=O, (1.1)
dt 2 u: 

r,lle i - TOK, BbI3BaHHbIH KOH,lleHCaTOpoM, C - eMKOCTb KOH,lleHCaTOpa, L ­
HH.nyKTHBHOCTb KaTyIllKH. 

L c 
PHc.I.I. TIPHHIIHllHaJlbHaJl cxexa KOJIe6aTeJIbHOrO KOHTYPa 

Mareuarasecxae Mo,neJIH, HCXO,wI H3 TPe60BaHHH, rrpaKTHKH, MOryr 

YCJIO)KHHTbCH, CTaHOBjjCb 60JIee YHHBepCaJIbHbIMH H cOBepIlleHHbIMH~ Ilponecc 
MaTeMarnqeCKOrO MO,lleJIHpoBaHHH CBH3aH c: 

•	 q,opMaJIH3aUHeH jjBJIeHHH; 

•	 BbI6opOM xapaKTepHCTHK, xoropue rrOMaIOTCH MaTeMarnqeCKoMy 

OrrHCaHHIO; 

•	 naxoaoreaaeu MaTeMaTHqeCKHX COOTHOIlleHHH Me)l(,lly 

XapaKTepHCTHKaMH; 

•	 nonfiopoa MaTeMaTHqeCKOrO annapara ,nAA OIIHCaHHjj MO,lleJIH. 

Ilocne aroro rrpOH3BO,llHTCH aHaJIH3 H HCCJIe,llOBaHHe npaasroii MO,lleJIH. 

C03,llaHHe y,na'IHoH Mo,neJIH CpO,nHH HCKYCCTBy. COBpeMeHHbIe 

MaTeMaTWleCKHe Mo,neJIH 06bIqHO rrpe,llCTaBJIHIOT c060H CJIO)l(HbIe CHCTeMbI 

,llHq,q,epeHUHaJIbHbIX ypaBHeHHH, norrycxaromae mrrerpaposaaae TOJIbKO B 

.J.	 HCKJIIO'lHTeJIbHbIX cnysasx. Ilo3TOMy sazcaoe anaseaae, npaooperaer 

paspaoorxa MeTO,llOB HX peureaas. AnH sroro MOryT 6bITb npaaneseasr KaK 

KaqeCTBeHHbIe, TaK H qHCJIeHHble MeTO,llbI B 3aBHCHMOCTH OT CJIO)l(HOCTH 

rrp06JIeMbI [3]. 
KaqeCTBeHHbIe MeTO,llbI MO,lleJIHpOBaHHjj OCHOBbIBaIOTCH na PaJJIHqHbIX 

reopeaax CYll\eCTBOBaHHH H e,llHHCTBeHHOCTH pemeaaa, reopaa yCTOHqHBOCTH, 

aCHMrrTOTHqeCKHX MeTO,llax H T. rr. Hcxozta H3 sroro, TaKOH nozrxon rr03BOJIHeT 

nenan, TOJIbKO KaqeCTBeHHbIe BbIBO,llbI 0 pemenaa saztaxa, He naaas TOqHOro 

ero pemeaaa. 

5 
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~: . 
J13Ha'IaJIbHO ztacspemsre MO~enH paCCMaTpHBaJIHCb B OCHOBHOM C 

HHCTPYMeHTaJIbHOH TO'Il(}f 3peHHSl, r.e. HCKJIlO'IHTeJIbHO KaK CIIoco6 

F1CCJIe~OBaHFlSl paaee IIOCTPOeHHOH MO~eJIFI, narrpauep, aa OCHOBe 

~H<p<pepeHUFlaJIbHOro F1C'IHCJIeHHSl. C pa3BHTFleM BbI'IFlCJIFlTeJIbHbIX MeTO~OB 

CFlTYaI.(HS! MeIDlJIaCb. OIIbIT, HaKOIIJIeHHbIH MaTeMaTHKaMH B IIpOillJIOM sexe, 

IIOKa3bIBaeT HeKOTOpyw HeCOCTOSlTeJIbHOCTb KJIaCCnqeCKHX (nanp., 

~F1<p<pepeHUFlaJIbHbIX) MaTeMaTFl'IeCKHX MO~eJIeH. Ilpavep MaMapa
2, 

B 

'IaCTHOCTH, IIOKa3bIBaeT, 'ITO KJIaCCnqeCKOe penreaae HeKOTopbIX MO~eJIeH 

MO)l(eT He F1MeTb <pH3nqeCKoro CMbICJIa. 3TOT <paKT CIIoco6CTBOBaJI nepexony K 

APyrHM IIOCTaHOBKaM, cpezra KOTOpbIX F1MeIOTCSl ~F1CKpeTHble 3~a'IFl [4]. 

I 

'. '<~ MaMap)Kill< (cPP. Jacques Salomon Hadamard, 8 ~eKa6pll 1865 rona­
17 OKT1l6pll 1963 rona) - cPPaHJ0'3CKHH MaTeMaTIlK. <I>PllHllY3CKHH 
MaTeMaTHK, HHOCTpaHHblH 'Ul.-KOpp. (02.12.1922) H HHOCTPaHHbrH: 
noqeTHbIH 'UleH (31.01.1929) AH CCCP, xnea IIapll)KcKoH AH (1912). 
113BecTeH CBOIIMII HCCJ1e~OBaHlIllMll B PaJJ1HqflbIX 06J1aCTJIX 
MaTeMaTHKII. B reopaa xacen ztoxasan (1896) BblCKaJaHliI>lli 
II.Jl.Qe6b1IlleBbIM aCIlMIIToruqeCKHH 3aKOH pacnpeneneaas npOCThIX 

I 
qflceJI, cosnan 3Ha~JIbHY'O qaCTh coapeveaaoa reopaa uensrx 
aaamrrasecxax cPYBKl(lIH, nOJI~ cymecrseunsre peaynsrarsr B 
reopaa ~cjJcjJepeHllHaJIbHbIXypasaeaaa. Em ~eH oxasana 60JIbillOe 

~~ BJlIIllHHe aa C03~lIHHe cPYHKl\IIOHarrbHoro aaanasa, B MeXaHHKe 
6 / saaaxancs rrp06JIeMaMII YCTOii~BOCTH II IICCJIe~OBaHlleM csoacra11; 

rpaexropaa MeXaHHQeCKIIX CIlCTeM B6JIH311 nOJIO)KeHlIll pasHOBeCIIJI H np, Ero IIMll HOCIIT 
cneztyrourae MaTeMaruqeCKHe 06'beKThI: MaTPHlla Anaaapa, uepaaeacrso Anaxapa, 
rrpeofipaaoaaaae MaMapa, npasrep Anaxapa, reopeua Anasapa 0 rpex xpyrax, reopeva 

Anaaapa 0 JIaKYHax. 

". 

OCHOBHbIM F1HcTpyMeHTOM MJI peineaaa CJIO)l(HbIX MaTeMaTnqeCKFlX 

3~a'I SlBJIJlIOTCJI 'IFlCJIeHHble FlJIH IIpH6JIH)KeHHble MeTO,L(bI, xoropsre II03BOJISlIOT 

CBeCTH pemeaae 3a~a'IH K BbIIIOJIHeHHIO KOHe'IHOrO 'IHCJIa apH<pMe~ecKHx 

,L(eHCTBHH H~ 'IHCJIaMH H IIpe~cTaBHTb pe3YJIbTaTbI B BH,L\e 'IHCJIOBbIX 

3Ha'IeHHH. Ilo-cymecrsy, 'IFlCJIeHHbIH aJIrOpHTM pemeaaa 3~a'IH H 

IIpe~CTaBJISleT C060H ,L(HcKpeTHyw MaTeMaTH'IecKyw MO,L(eJIb. 3TH MeTO~bI 
II03BOJIJlIOT IIpH6JIYl)KeHHO, C OIIpe~eJIeHHOH TO'IHOCTbIO· HaHTH pemeaae 

COOTBeTCTByIOlI.(eH 3~a'IFl. 

\ '~, OCHOBHbIM ,L(OCTOHHCTBOM 'IFlCJIeHHbIX MeTO,L(OB JlBJIJleTCSl HX 

yHHBepCaJIbHOCTb, r.e, IIpHHI.(HIIHaJIbHaJI IIPHro~HOCTb ~JISl aHaJIH3a JII06bIX 

3~a'I. 3TO oco6eHHO Ba)KHO B cJIY'Iae, xoraa He cyniecrsyer 06II.(HXo 
aHaJIFlTFI'IeCKHX MeTO,L(OB pemenaa, 

Cpe,L(H IIpH6JIH)l(eHHbIX MeTO,L(OB HaH60JIee nrapoxoe pacnpocrpaaenae 

IIOny'IHJIH TaK Ha3bIBaeMble KOHe'lHO-pG3HOCmHble, HJIH CeTO'IHble MeTO,L(bI. 

CYTb HX COCTOHT B CBe~eHHH ,L\H<p<pepeHUHaJIbHbIX ypaBHeHHH, OIIHCbIBaIOlI.(HX 

CIIJIOIlIHYW cpezty, K KOHe'IHO-MepHoH CHCTeMe aJIre6paH'IeCKHX ypaBHeHHH. 

B CBJl3F1 C pa3BHTHeM 3BM ace OT'IeTJIHBee IIpOSlBJIJleTCSl CBJl3b C 

2 Ilpmrep A.naMapa HJIJlIOC11'HpyeT B03MOJKHOCTb nexoppesruoa nOCTaHOBKH KJlaccH'fecKoll 3W1a'fH KOWH1VI~ 

ypaBHeHH~ Jlannaca (CM. IlpH.1IoJKeHHe I). 
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HHTeHCHlPHKaIJ;HeH npoueccos HCrrOnh30BaHIDI paJnHtIHhIX 

CrreUHanH3HpOBaHHhIX MaTeMaTHtIeCKHX naKeTOB H CHCTeM npOrpaMMRpOBaHIDI 

BhIt{HCnHTenhHhIX MeTO,nOB KaK HHCTpyMeHTa peWeHIDI npaxnaamax sanas. 
Teopas npatimoseaaoro peWeHIDI MaTeMaTHqeCKHX sanas rrOCTORHHO 

rrOnOnHReTCR BCe fionee COBepWeHHhIMH qHCneHHhIMH MeTO,naMH, nossneaae 
xoropsrx CTHM)'nHpyeTCR KaK oc06eHHoCTRMH MaWHHHOH MaTeMaTHKH, TaK H 

pacumpesaex lPYHKUHOHanhHhIX B03MO:>KHOCTeH npaxnanasrx nporpaserasrx 
Cpe,nCTB. Bee 3TO rpefiyer onpeneneaaoro ypOBHR nOHHMaHIDI KaK 

MaTeMaTHqeCKHX MeTo,nOB, a TaK:>Ke yMeHIDI HX HcnOnh30BaHIDI B PaJnHqHhIX 

nporpaseaapyesrsrx cpeztax na nepconansaoa KOMnhIOTepe (IlK). 

1.3. KOMDbIOTepHoe MO~eJlHpOBaHHe 

KOMDbIOTepHaa MO~eJlb - 3TO Mo,nenh peansaoro npouecca HnH 

RBneHIDI, OCHOBaHHaR aa MaTeMaTHqeCKOH Mo,nenH, KOTOpaR peanasoaasa 
KOMrrhIOTepHhIMH cpencrsaaa, Ecna vcocrosaae CHCTeMhI MeHReTCR co 

speaeaea, TO Mo,nenh HaJhIBaIOT ~HHaMH'1eCKOii, B nporaaaou cnyxae ­
CTaTH'IeCKoH. 

Ilpoueccsi B CHCTeMe MOryT nporexars no-pasaosry B 3aBHCHMOCTH OT 

ycnoaait, B KOTOphIX HaxO,1:UiTCR CHCTeMa. Cnenars sa noaenerraesr peansaoii 
CHCTeMhI npa pasnaxasrx ycnosaax 6hIBaeT rpynao, a HHor,na H HeB03MO:>KHO. 

B TaKHX cnysasx, nOCTpOHB Mo~enh, MO)l(HO MHoroKpaTHo B03BpamaThCH II: 

HaqanhHOMY COCTOHHHIO » Ha6nIO,nau. sa ee .noseneaaen. 3TOT MeTO~ 

HCCJle,nOBaHIDI CHC~M Ha3hIBaeTCR HMHTa"HOHHblM.MO~eJlHpOBaHHeM. 

Ilpasrepox HMHTaIJ;HOHHOro Mo,nenHpOBaHHe MO)l(eT Cn~HTh 

ssrsacneaae qHCna If = 3,1415922653 ...MeTo,noM Morrre-Kaprro. 3TOT MeTO,n 

n03BOAAeT orrpenenars nnomana H 06'heMhI lPHryp (Ten), xoropsre CnO:>KHO 

BhIqHCnHTh ,npyrHMH MeTO,naMH. Ilpennonoaonr, qTO Tpe6yeTCR onpeztemrrs 
nnomazn, xpyra, OnHIIIeM soxpyr Hero xsanpar (nnomans KOTOpOro, KaK 

H3BeCTHO, pasaa xsanpary ero CTOpOHhI) H 6y,ZU:M CJlY'laUHbLM 06paJOM 6pocaTh 

B xsanpar TOqKH, nposepss KIDK,/U>IH pas, nonana im TOqKa B xpyr HnH uer, Ilpn 
60JIhIIIOM qHCne TOqeK OTaOll1eHHe nnomana xpyra K nnomana xsaztpara 6y,neT 

CTpeMHThCR· K OTHOIIIeaHIO qHCna TOqeK, nOnaBWHX B xpyr, K o6meM)' qHCny 

6pOIIIeHHhIX TOqeK. 

TeOpeTHqeCKaR ocaoaa aroro MeTo,na fisma H3BeCTHa ,naBHO, onaaxo no 
nORBneHIDI KOMIlhIOTepOB 3TOT MeTO,n He Mor aaHTH CKonhKo-aH6y,nh 

IIIHpOKoro npHMeHeHHR, H60 Mo,neJIHpOBaTh cnyqaHHhIe BenH'lHHhI BpyqHYIO ­

oxem, rpynoexxas pafiora. HaJBaHHe MeTo,na npOHCXO,nHT OT ropozta MOHTe­

Kapno B KHR:>KeCTBe Monaxo, anaxesaroro CBOHMH HropHhIMH ,nOMaMH, H60 

O,nHHM H3 MeXaHHqeCKHX npH60pOB ,!I,JDI nonyxenas cnysanasrx BenHqHH 

RBAAeTCR pynerxa. 
Cneztyer 3aMeTHTh, qTO ,naHHhIH MeTO,n Bhl'lHCneHHR nnomana xpyra 

6y,neT naaars KoppeKTHhIH pesynsrar, TOJIhKO ecna TOqKH 6y,nyT He npocmo 
CJlY'IaUHO, HO erne H paeuouepuo paatipocaasr no scesry xsanpary. ):VIR 

Mo,nenHpOBaHHR paBHOMepHO pacnpeneneaaux B aarepsane OT 0 zro 1 
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cnysaaasix sacen acnonsayercs ,naNHK cnysaaasrx qHCen - cnenaansaaa 
KOMnhIOTepHaR nporpaaxa. Ha caMOM ztene ora qHCna onpenensrorca no 

HeKOTOpoMY anroptrrsty H yzce B carry sroro OHH He RBnRIOTCR anomie 
cnyqaHHhIMH. Ilonysaesrsre TaKHM cnocofioa sacna qaCTO HaJhIBaIOT 

nceeOOCJlY'laUHbLMU. Borrpoc 0 xaxecrse ,naTqHKOB cnyqaHHhIX sacen BeChMa 

aerrpocr, O,nHaKO ,nnR peIIIeHHR He cnHIIIKOM CnO:>KHhIX 3ll,llaq 06hIqHO 

,nOCTaTOqHO B03MO)l(HOCTeH ,naTqHKOB, BCTpoeHHhlX B 60nhIIIHHCTBO CHCTeM 

nporpaMMHpOBaHIDI H 3neKTpOHHhIX Ta6nHU. 

rJIABA 2. OCHOBHhIE nOHHfIDI MATEMATWIECKOATEOPHII 
noJUI 

B 3TOH rnase npHBO,nRTCR OCHOBHhIe CBe,neHIDI H3 MaTeMaTHqeCKOH 

reopaa nOAA. Ilonpofiao paCCMaTpHBaIOTCR nOHRTHR rpanaeara H 

,nHBepreHUHH. 

2.1. Ilone 
IJOJ/eM nasueaemcs otinacrm. npocmpaucmea, e Ka:JICOoU mO'IKe P xomopoii 

nocmaeneua s OOH03/W'lHOe coomeemcmeue HeKOmOpaR eenuuuna V (P) 
(uuoeoa noneu uasueaiom PYHKljUIO V (P)). 

Ecna senaxaaa V (P) RBJIReTCR <pH3HtIeCKOH, TO none HaJhIBaeTCR 

lPH3HqeCKHM. Ilpa 3TOM, B 3aBHCHMOCm OT npaponu lPYHKUHH V(P), nOAA 

paJ,neAAIOT na cxanspnue H eexmopnue. IlpHMepaMH CKanRpHhIX lPH3HtIeCKHX 

nOJIeH MOryT 6hITh nOAA resmeparypsr, aTMOClPepHOro nasneaaa, nnOTHOCTH 

sosnyxa, snexrpasecxoro noremraana H zip. K BeKTOpHhIM ipH3HqeCKHM nOAAM 

OTHOCRTCR, aanpaxep, nOAA CHnhI TR:>KeCTH, CKOpOCTH qaCTHU rexymea 
)I(H,nKO~TH, czraara TOqeK ynpyroro rena, MarHHTHOH HH,nyKUHH, nnOTHOCTH 

3JIeKTpHqeCKOrO TOKa. 

ECJIH lPYHKUIDI V (P) He H3MeHReTCRC TeqeHHeM BpeMeHH, TO none 

HaJhIBaeTCR cmauuouapnuu, HJlH nocmORHHbLM, B rrpOTHBHOM cnysae ­
necmauuonapuuu, HnH nepeueuuuu. lVIR nonyseaas 06Il(HX pesynsraroa, 
crrpasennaasrx .nAA JII06hIX KOHKpeTHhIX lPIDHtIeCKHX nonea, BCRKOMy 

lPIDHqeCKOMY rrorno CTaBHTCR B COOTBeTCTBHe ero MaTeMaTli'ieCKaR Mo,nenh, rae 
afcrparapyrorcs OT saaaaaoa lPH3HqeCKOH BenHqHHhI, 3aMeHRR ee 

MaTeMamqeCKHM rrOHRTHeM lPYHKUHH, a TOqKe rrpOCTpaHCTBa rrpHnHChIBaIOT 

xoopmnrarsr, CqHTaR HX apryxearasaa. 
MaTeMaTHqeCKaR TeopIDI nOAA asysaer CBOHCTBa BeKTopHhIX H CKaAApHhIX 

nonea, K paCCMOTpeHHIO KOTOphlX npHBO,nRT MHome 3ll,llaqH lPH3HKH, 

3neKTpOTeXHHKH, MaTeManrKH H zrpyrax nays, Ilpa 3TOM <PYHKUHIO V(P) qaCTO 

paCCMaTpHBaIOT KaK lPYHKUHIO BeKTOpHOrO apryaenra Z (paanyc-sexropa, 
yxassrsaromero aa roqKY P). 

MaTeManrqeCKHM annaparov, aaafionee COOTBeTCTByroIl(HM H3yqaeMhIM B 

TeopHH nOJIR RBneHHRM, crryxcar BeKTopHaR anre6pa H BeKTopHhIH aaanas, 

0606meHHeM reopaa CKaJIRpHhIX H BeKTOpHhIX noneti RBHnaCh TeOpHR 
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TeH30pHbIX nonea, KOTOpaJI arpaer sasoryro POJll>, aanpaxep, B 06~eH reopaa
 
OTHOCHTenbHOCTH.
 

2.2. CK8J1HpUOe none 

UOBepXUOCI"H H nHUHH ypoaaa, ~ 3a,l:laHIDI CKaIDlpHOro nons nano assrs 
'CKaJIjlPHyIO !PYHKQHIO U(p)= U(x,y,z). Bsenea nOHRTHe nOBepXHOCTH ypOBHR 

CKaJIRpHOrO nons [5]. 
On p e n e n e H H e Iloeepxuocmuo YP08HJl CKaJlJlPH020 nOM U(p) uasueaemcs 0 

maxas noeepxnocm», ua «omopou ¢YH/<lJUJlU(p) uueem nocmossnoe snaseuue. 

YpaBHeHHe nOBepXHOCTH ypOBHR HMeeT BH.n;: U(x,y,z)=C, rzte C - HeKO­

TOpM nOCTORHHM. Ilpa paJnHtIHhIX snaseaaax nOCTORHHOH C nonyxaea I 
ceMeHCTBO nOBepXHOCTeR yposaa, Ey.n;eM CqHTaTb, 'ITO !PyHI<u;HR U(x,y,z), 
3a,l:laIOrmur none, onsossaana. Torna, OqeBH.D;HO, qepeJ KIDK)l)'IO TO'IK)' nons 
npoxomrr nHIIIl> O.D;Ha nosepxaocrs ypOBHR. Ilpasrepaaa nosepxaocrea ypOBHR 

RBIDIIOTCR nosepxaocra paBHbIX reuneparyp B HeKoTOpoM Tene H nOBepXHoCTH 

pasaoro nOTeHu;HaJIa VB 3neKTpHqeCKOM none V(x,y,z)=C. 

,L(nR nnocxoro (Toe • nsyxaepaoro) CKaJIRpHOro nona paCCMaTpHBaIOT 

TaKHe nHHHH ypOBHR, aa KOTOpbIX !PYHKQHR, Ja,!(aIOmM none, HMeeT 

nOCTORHHOe anaseaae. TaKHMH J]:HHHRMH jlBJIRIOTCR, aanpaaep, aa 
ronorpaoasecxax xaprax ropH30HTaJIH - nHHHH, anons KOTOpbIX BbICOTa 

MeCTHOCTH Ha.D; Y-CJIOBHbIM ypOBHeM MOpR nOCTORHHa. .JIHHHH ypOBH" (nHHHH 

pasaoro nOTeHu;H~a HJlH 3KBHnOTeHQH8.Jn,Hble JIHHHH) aaxoasr uraposoe 
npaveaerrae rrpa pacCMOTpeHHH nnocxonapannensasrx :.meKTpH'IeCKHX nonea. 
3.n;ecb OHH RBlliIIOTCR nHHHRMH, sztons KOTOpbIX 3neKTpHqeCKHH nOTeHQHaJI BO 

scex HX rosxax nOCTORHeH. 31'0 !pH3HtIeCKH osaasaer, 'ITO pafiora, cosepmaexas 
CHnaMH 3JIeKTpHtIeCKoro nona no nepenocy e.D;HHHqHoro nonosorrensnoro sapana 
H3 JlI060R TOqKH .n;aHHOH nHHHH ypOBHR B TOIfK)', nOTeHu;HaJI KOTOpOH npHHRT 

paBHbIM HyJIIO (B TOqKy aynesoro nOTeHQHaJIa), 6y.n;eT o.n;HHaKOBa. 

COBOKYnHOCTb nHHHH pasaoro noreanaana rnaer aarnsnaoe H306pll)l(eHHe 

anexrpasecxoro nona, 'ITO otinersaer ero asyseaae. . 
1IHHHH ypOBH" npHMeIDlIOTCR B MaTeMaTHKe' TIpH accnenosaaaa no­

BepxHOCTeH (MeTo.n;OM CeqeHHR)o YpaBHeHHe nHHHH ypOBH" HMeeT BH.D;: 

U(x,y)= Co 
2Ilpaaep 2.1. HaRTH JIHHHH ypOBH" noxa U(x,y) =x - y2. Pemenae, 

Ilonoxax: U = C, rorna x 2 
- y 2 

= C. Ilpa C > 0JIHHHH ypOBH" OTHOCflCR K 

ranepeone C BepllIHHaMH na OCH Ox, npa C < 0 JIHHHH yposas raneptionsr C 

BepllIHHaMH aa OCH Oy. Ecna 0=0, TO HMeeM npRMble y = ±x, xoropsre 
RBnRIOTCR aCHMnTOTaMH 3THX ranepfion. 

Ilpasrep 2.2. HaRTH nOBepXHOCTh ypoBH" nons U(x,y,z)=x2 + i +z2, 
npoxonxmyro sepea TOqKy /:,(1,-1,2) .Peurenae. YpaBHeHHe nOBepXHOCTH 

2 2 2 C 0 ypOBHR U = C H X + Y + Z = . qeBH.n;HO, B 

.n;aHHOM cnyxae C ~ O. llOBepXHOCTH ypOBHR - CeMeRCTBO c!pep C QeHTpOM B 
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nasane xoopzranar. Hs nora ceMeHCTBa Ha,110 BbI6paTb ctpepy, npoxoztarnyio 
xepes TO'lKy Po (1,-1,2) . Iloncraaaa xoopnanarsr TO'lKH Po B ypasaenae 

nosepxaocrea ypOBHR: f + (_1)2 + 22 
= Co Torna C = 6. YpaBHeHHe HCKOMOH 

2 2
rrOBepXHOCTH YPOBHlI HMeeT BII,ll:x + y + Z2 = 6. ,UaHHoe ypaaneaae npezicraanaer 

C060H c4>epy paaayca R = J6 Cnenrpo» B uaxane KOOp.llHHaT. 

2.3. UpOH3Bo.n;HaH no HanpaBJIeHHIO 

Ilycrs naao cxanspnoe none U =U(p). B03bMeM B npocrpaacrse, rzre 
saaaao 3TO none, aexoropyto TO'IK)' P H nposeness xepea nee KaKOe-HH6y.D;b 

aanpasneaae I ,pHc.2.1. Ilycrs TOqKa p. TaK)J(e HaxO.n;HTCR na HarrpaBJIeHHH 10 

z t 
'P,er+iJl,l/,J!/.l+IJZ) 

"P(1.!I,l} PHc.2.1. Onpenexenae 
'Po (1.,!Ia.lq) npOH3BO.D;HOH no HarrpaBJIeHHIO 

o 
II
 

r
 

HaR.n;eM npHpSIIIeHHe !PYHKu;HH U npa nepexozte H3 TOqKH P B TO'lKy P. : 

/).U = U(lU-U(P). 

0603Ha'lHM sena-raay CMe~eHHR H3 TO'lKH P B TO'lKy ~ B uanpasneaaa 

sepes p=lp~l. 

Paccaorpasr 

,• I1U ,. _U..c..(P,~1)_-_U~(P--"-)
Im-= 1m 

p ... O p p ...O P 

(npennonaraerca, 'ITO TO'lKa p. aeorpaaaxeano npH6nH)J(aeTCR K TO'lKe P, 

OCTaBaJlCb na sexrope f H P ~ 0).
 
Ecna 3TOT npenen cynrecrsyer, TO OH HaJbIBaeTCR np0U3800HOU om ¢YHKlJUU U
 

- au no nanpaeneuuto f H 0603HaqaeTCR -_. TaKHM 06paJOM,
af 

8l.! = lim /).U 
81 p~O P . 
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au _ au 
ECJIH a/ > 0, TO cPYHKI.\HX U B HarrpaBJIeHHH { B03paCTaeT, eCJIH ar < 0, TO 

_ /£U/cPYHKUHX U B HarrpaBJIeHHH { yfisrsaer. BeJIHqHHa an xapaxrepasyer 

_ laulCKOPOCTb H3MeHeHHX cPYHKI.\HH U B HarrpaBJIeHHH t : qeM 60JIbme a/' TeM 

au 
6blcTPee H3MeWleTCX (pacrer HJIH y6LIBaeT, B 3aBHCHMOCTH OT 3HaKa ai) 
cPYHKUHB U B HarrpaBJIeHIDI 7. B 3TOM COCTOHT cPH3HqecKHii CMbICJI npOH3BO,llHOH 

rro HaIIpaBJIeHHlO. 

TIoHXTHe rrpOH3BO,llHOH rro HarrpaBJIeHIDO BBJIjjeTCB o606II.\eHHeM I~au au au 
rrOHBTHB qaCTHLIX rrpOH3BO,llHLIX -,-,-. 3TH qaCTHble rrpOH3BO,llHLIe 

Ox By 8z 
MO)KHO paCCMaTPHBan., KaK rrpoassonasre OT cPYHKI.\HH U rro HarrpaBJIeHIDO 

COOTBeTCTBYlOIUHX ocea xoopnaaar. 

BbIBe,lleM cPoPMYJIY ,llJIjj HaxO)K,lleHHX npOH3BO,llHOH rro HarrpaBJIeHHIO. 

TIYCTb cosa, cos /3, cos y - HarrpaBJIBlOII.\He KOCHHyCbI HarrpaBJIeHHX i, 
po(xo,yo,zo) - aexoropas cPHKCHpoBaHHM TO~a aa 3TOM narrpaanenaa. 

OqeBH,llHO, KOOp.ll:HHaTbI TOqKH p(x,y,z) aa HarrpaBJIeHHH i MO)KHO sanacars B 

BH,lle: 

x = x~ + t cos a ) 

Y = Yo +tcosp , (2.1) 
z ,';" Zo +tcosy 

rne t - .ll:JIHHa OTpe3Ka PoP. 
B TOqKaX p(X,y,Z), JIe)KaII.\HX na 7, cPYHKI.\HX 

U(x,y, z)= U(x(t~y(t ~ z(t)) = qJ(t) XBJIXeTCX cPYHKI.\HeH O,llHOH, nepeueanoa t. 

TI03TOMY au = drp(t). TIpHMeHXX cPOPMYJIY.,llHcPcPepeHI.\HpOBaHHX CJIO)KHOH& _. ­~ 

cPYHKI.\H-H, aaxoznoa: 

drp(t) aU dx aU dy aU dz
--=-'-+-'-+-'-. 

dt Ox dt c3y dt Oz dt 
113 cPOpMyJI (2.1) cnenyer, qTO 

I 

dx =cos a, dy =cosp, dz =cosy
dt dt dt 

«xo' Yo' zo' cosa, cosp, cosy He 3aBHCBTOT nepewemrof t). 
CJIe,llOBaTeJIbHO 

12 

au au au au 
-_ =-cosa+-cos/3+-cosy- (2.2)al ax By az 

TaKHM 06pa30M, ,llJIB HaxO)K,lleHHB rrpOH3BO,llHOH OT cPYHKUHH U rro 
~ au au au 

nanpaanemno l Ha,110 HaHTH -racrasre rrpOH3BO,llHLIe -,-,-,
Ox By 8z 

narrpaansronrae KOCHHYCbI, 3a,llaIOII.\He3TO aarrpaaneaae, H npaueaars
 

cPoPMYJIY (2.2).
 
B cnyxae nsysrepaoro cnyxaa, T.e. rrJIOCKOrO rrOJIB U = U (x, y)
 

cos/3 = cos(%-a)= sina, cosy = 0 

H 

aU aU aU . 
-_ =-cosa+-sma. (2.3)
01 Ox By 

rne a - yrOJI, 06pa30BaHHbIH nanpaaneaaea i C OCblO Ox. 
Hpassep 2.3. HaHTH rrpOH3BO,llHYIO OT cPYHKI.\HH U(x, y. z)= xyz rro HarrpaDJIeHIDO 

i OT TOqKH (I; 1; 1) K TOqKe (2; 2; 2). Pemeaae, B ,llaHHOM cnyxae 

eo au au 
--= yz,--= xz,--= xy,ox oy oz 

2 - 1 . 1 
cos a 
~2 + (2 _ 1)2 + (2 - 1)2 = .J3' 

1 1 
cos /3 = -J3'cos r = -J3' 

au 1
a/ = .j3(yz + xz + xy). 

B qaCTHOCTH, B TOqKe (I, 1, 1) HMeeM: 

au 1 3 t: 
-_ =-(1+1+1)=- = ,,3 
al fj fj ! 

2.4. Fpanaesrr 

TIoHBTHe rpanaeara rrpHMeHBlOT B rex cnyxasx, xorna Heo6xo,llHMO
 

CBB3aTb TOqKH nons co CKaJUlpHOH BeJIHqHHOH, aarrpauep, resmeparypy,
 

3JIeKTPHqeCKHR HJIH rpaBHTaI.\HOHHbIH rrOTeHUHaJI, 3JIeKTPHqeCKHH sapan,
 

IIJIOTHOCTh H T. n. KaK H3BeCTHO, CKaJIBpHax BeJIHqHHa He HMeeT HarrpaBJIeHHB B
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npOCTpaHCTBe. Omraxo npa ee H3MeHeHHH OT TO'{KH K TO'{Ke MO>KHO yxaaars 
nanpaaneaae 3TOrO H3MeHeHIDI. TIo~ rpMHeHTOM CKaJIJIpHOH !PYHKIlHH 

nOHHMaIOT BeKTOp, nanpaaneaasra B CTOpOHy 6bICTpeHWero B03paCTaHHH 

,. lPYHKUHH. Harne scero rpanaenr CKaJIJIpHOro nOM CBJl3bIBaIOT C ~eKapTOBOH 

CHCTeMOH Koop,!J;HHaT. IIpH 3TOM OH 3arrHCl>IBaeTCJI xepea ee e~HHH'"IHhle 

npoexnaa, 
ECJIH ,!J;aHO CKaJIJIpHOe nOJIe U == U(x,y,z) H lPYHKUHJI U HMeeT xacrasie 

au au au au ~ au - au -
npOH3BO~HbIe -,- H -, TO BeKTOp BH~a -/+-j+-k

Ox 8y az ax Oy az 
Ha3bIBaeTCJI rpanaenrou CKaJIJlpHOrO nons U (rpanaearoa lPYHKUHH U) H 

0603Ha'iaeTCJI grad (aaoraa qrad). TaKHM 06pa30M, 

- au- au- au­
gradU==-i+-j+-k (2.4)ax Oy az 

Ec.rrn: HCrr0JIb30BaTh CHMBOJIH'Iec:KIlli ,ll;i'IlPcPeptlHIJ;HaJIbHbIH oneparop BH):{a 

- a- a- a­
V'=-i+- j+-k (2.5)Ox 8y az' 

KOTOPl>IH Ha3hmaeTC51 uadna-onepamop WlU easaaemouuau. Torna rpaznrear, C 

HCn0JIb30BaHHeM Ha6JIa-orreparopa (2.5), MO)J(HO 3aI1HcaTh TaK 

- -. au- au-au­
gradU == V'U == a; i + BY j + 8; k (2.6) 

lli (2.6) BlWfO, 'ITO npomseaeaae oneparopa Ha6JIa na cxanspayio 1lJ)'HKUHlO 
U ~aeT rpanaear 3TOH <p}'Hl<:Ullli. 

Bercropnsra AH<P<PePeHIJ;HaJlhHhIH oneparop HIIU Ha6JIa-orrepaTOp 6hIJI 

BBe~eH HpJIaH,!J;CKHM MaTeMaTHKOM Y. P. faMHJIl>TOHOM B 1853 r. 3TOT 

orreparop 06JIa,uaeT KaK cBoHCTBaMH sexropa, TaKH CBOHCTBaMH npOH3BO.lUlOH. 

YlIJIbJIM Poysn fllMJlJIbTOH (William Rowan Hamilton, 1806 - 1865)­
BbI)],alOlIIJflicli HPJIaIUlCliliH MaTeMamK XIX aexa. B rpa rona YlKe 

'lliTaJI, B 10 JIeT CTaJI cTYLleHTOM, a B 22 rona YlKe nporpeccop 
aCTpoHoMHlI JJ.y6JIlIHCKOro yaaaepcarera. B XOLle HCCJIe,1loBIIHHH 

faMHJIbTOH nonyrno BBeJI nOHlITBe BeKTOpHOrO nons H C03,1laJI OCHOBbI 

aexropaoro lIHaJIH3a. OH OTKpbIJI BeKTOpHOe npomaeneuae, 

npeL\JIOlKHJI oneparop (<Ha6JIa». Ha OCHOBe pa60T faMlIJIbTOHa fli66c If 

XeBlICaH,1l aasepurana CHCTeMy BeKTOpHOrO aHaJIH3a. TIC' 
;_ peKoMeHL\aUHH HpJIaHL\CKOrO MaTeMaTHKa YHJI1>lIMa Poy:ma 

faMHJIbTOHa KOMnJIeKCHbIe 'fHCJIa CTaJIlI BbIplUKaTb napoa ,1leHCTBHTeJlbHblX tj)IGe.JI B BH,1le (l, 
b). 

MO,LJyJIh rparnrema sanacsraaerca B BH,IJ;e 

rr: 2 

fgradUl==~(~) +(a~y +(~r 

14 

I 
I 

HanpaRIDIIOIIJ.HeKOCHHYChI rpaztaerrra: 

au au 
cosaJ==~ cosB, ==~ 

IgradU[ , IgradU! ' 

au 
COSYI ==~ 

IgradUl' 

1-· 
TO ecrs 

llpt gradU == au
ai ' 

TaK KaK llPfiigradU == Ilp, gradU . 

TIPH H3MeHeHKH aanpaaneaas i H3MeHHeTCH H npoexnas Ilp, gradU . 

O'{eB~Ho, 3Ta npoexnaa 6Y~eT HMeTb aanfionsnree nOJIO>KHTeJIbHOe saaxeaae 

B TOM CJIY'iae, xorna i cosnanaer C BeKTopOM gradU(P). 

Y'iHTbffiaJl!pH3H'"1eCKHH CMbICJI npoH3Bo~OH no HanpaBJIeHHIO H lPoPMYJIy 

15 

Hrax, grad U HBJIHeTCJI BeKTOpHOH: BeJIH'iHHoH. [OBOpJIT, 'iTO CKaJIJIpHhlM 

nonex U nopoxaaerca sexropaoe none rpanaenra U. 
YCTaHOBHM CBH3b Me>Kil)' rpanaearox (2.4) H npOlBBO,llHOH no aanpanne­

HHIO (2.2) H BbUlCHHM lPH3H'ieCKHH CMbICJI rpanaeara, B03bMeM B nOJIe U= U (P)
 
TO'iK)' P (pHc.2.2) H HaimeM grad U (P). TIpoBe,!J;eM xepes TO'iKY P aexcropoe
t, 
aanpaenenae I, 06pa3YIOIQee C OCJIMH soopnanar yrnsr a,j3,y. 

z 

PHc.2.2. CBH3b Me~ 

rpa,uHeHTOM M npOH3BO~OH 

no HanpaBJleHHIOtr 
o 
I j v 

~ 

TIYCTb /0 =cosai+cosiJ+cosyk - e~HHH'iHbIH seicrop HanpaBJIeHHJI l . 

CKaJIJIpHOe npoaaseneaae sexropos /0 H gradU(P)HMeeTB~: 

-- au au au 
togradU(P) == cosa-+cosj3- +cosy-.ax Oy az 

}bBeCTHO, 'iTO CKaJIJIpHOe npOH3Be,!J;eHHe aexoroporo BeKTOpa aa KaKOH­

HH6y,!J;b e,L\IDtJI'iHbIH BeKTOp paDHO npoexnaa naaaoro sexropa na 3TOT 

e~HH'"IHhlH: BeKTOp. TaKHM 06pa30M, JIeBM xacrs nOJI)"1eHHoro paBeHCTBa 

npe,!lCTaBJIHeT. C060H "npoeKUHIO llPi' gradU(P). Ilpasas )Ke qaCTb pasaa au.. 
81 
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- - -au
8/ =llPj gradU (2.7) 

y6e~lfMcH B TOM, 'ITO BeKTOp gradU(P) no BeJIJf'IlfHe If nanpaaneaaio ecrs 
Half60JIbillaH CKOpOCTb B03paCTaHlfH $YHKUIfIf U = U (P) B ~aHHOH TO'lKe P. 
B 3TOM If COCTOHT $lf31f'leCKlfH CMbICJI rpanaenra. 

- Ha yKaJaHHOM CBOHCTBe rpanaenra OCHOBaHO ero urapoxoe npaveaeaae 
KaK B MaTeMaTlfKe, TaK If B npyrax aayxax. B '1acTHOCTIf, B 3JIeKTPIf'leCKOM 

nOJIe rpanaear anexrpasecxoro norenuaana gradU ecrt, BeKTOp, PaBHbIH no 

BeJIlf'llfHe HaH60JIbilleMy nOJIO:llGfTeJIbHOMY npapautemno nOTeHUHaJIa V; 
OTHeCeHHOMY K enmnme ,L\JIJfHbI, If COBnMlUOUJ;HH C rranpasneaaea :3TOro 

Hllli60JIbwero npapaureaaa (TO ecrs Half60JIbWaH CKOpOCTb B03paCTaHHH 

noreannana). .l(lfBepreHUlfH B cnysae nJIOCKoro nOJIH U = U(x, y) IfMeeM: 

- 8U- au­
gradU =a;i +ay j. (2.8) 

TIoKIDKeM, 'ITO BeKTOp gradU(P) aanpaanea no HOpMaJIH K nOBepXHoCTH 

ypOBHJI CKaJIHpHoro nona U(P), npOXOMmeH xepea TO'lKY P. Ypasneaae 

nosepxaocra ypOBIDI: 

U(x, y, z) = C. 

~13BeCTHoe, H3 xypca aHaJIHTH'IeCKOH reosserpaa, ypasaeaae HOpMaJIH K 

nosepxaocra HMeeT BHLI: 

x-xo y- Yo z-Zo 
au(xo, y-;:-zo) au(x~,zo) aU{X;Jo'Zo) , 

at Oy Oz 

rne x, y, Z - KOOp~HHaTbI resymeii TO'lKH HOpMaJIH, xo,Yo' Zo - xoopnaaaru 
TOqI<'H nOBepXHocTH, B KOTOpoH nposezreaa HOpMaJIb. 

3aMe'laeM, 'ITO npoexuna aanpaanaroutero BeKTOpa HOpMaJIH K no­

BepXHoCTH ypOBHH B TO'lKe P(x, y, Z)HBJIJlIOTCH npoexnaaua BeKTOpa gradU(p). 

CJIeLlOBaTeJILHO, sexrop gradU(p) aanpaanea no HOpMaJIH K 3TOH nOBepXHOCTH. 

OTCIO~a cnenyer, aanpaaep, 'ITO H rpMHeHT anexrpasecxoro nOTeHI.{HaJIa BCIO):Iy 

aanpaanea IIO HOpMaJIH (BHYTPeHHeH) K nOBepXHOCTlf paaaoro nOTeHQHaJIa- K 

3KBHnOTeHQHaJIbHOH nOBepXHOCTH. B cnyxae llJIOCKOrO nOAA U = U(x, y) aexrop 

gradU(P) aanpannen no HOpMaJIH K JIHHHH ypOBHH sroro nOJIJI, npoxonsmea 

sepes TO'lKy P(x, y,) . 

Tlpasiep 2.4. HaRTH HaH60JILIllYIO CKOpOCTb B03pacTaHIDI $yHKUHH 

U(x, y, z] = x 2 + y2 +Z2 B TO'lKe P(I,I,l). 

16 

.' 
') 

Peurenae, HaH~eM: gradU = 2xi + 2x} + 2zk; gradU(l, I, I) = 2i + 2j + 2k ; 

IgradU(I, 1,1)1 =b2 +2 2 +2 2 
= 2J3. 

CJIe~OBaTeJIbHO, HaH60JIbWaH CKOpOCTb B03paCTaHillI Umax = 2Ji 
TIoBepxHOCTbIO ypOBHH nOJIH U. npOXO~HmeH xepea TO'lKy P(I,I,I) HBJIHeTCH 

cdiepa 
x 2 + y2 + Z2 = 3 . 

Half60JIbWaH CKOpOCTb B03paCTaHillI $YHKUlfH U 6y~eT B HanpaBJIeHHH 

panayca :nOH crpepsr, npoxonainero xepea LlaHHyIO TO'lKy P(I,I,I) . 

2.5.)J;HoepreHQHH 

TenJIOBOH nOTOK, KaK H3BeCTHO, HMeeT onpenenenayio BeJIIf'IHHy H 

aanpaaneaae B KIDKLlOH CBoeH TO'lKe, T.e. T =T(x, y, z). B MaTeMaTHKe ,!VUI 

xapaKTepHCTHKH JIOKaJIbHbIX CBOHCTB BeKTOpHbIX nOJIeH, r.e. HX CBOHCTB B 

oKpeCTHOCTU HeKOTopOH TO'lKH, BBOMTCH . COOTBeTCTBYIOIUHe 

LlIf$$epeHUHaJIbHble BeJIIf'IHHb{ O~HOH H3 HHX HBJIHeTCH zraaepreauas (OT 

n03~HeJIaT. divergentia - paCXOJK,ll;eHHe). ~BepreHUHH n03BOAAeT 

OXapaKTepH30BaTb BeKTOpHOe nOJIe ~(X,y,Z)B KaJK,Il;OH ero TO'lKe M(xo,yo,zo). 

~BepreHQHeH sekropaoro nOJIH ~ (0603Ha'iaeTCH div ~ ) B TO'lKe 

M HaJbIBaeTCH npezten OTHoweHIDI nOTOKa nOJIH sepes 3aMKHyTYJO 

nOBepXHOCTb S, OKpy)l{lUOIUYIO TO'lKY M, K 06l>eMy 06JIaCTH, orpaaasenaoa 

3TOH 3aMKH)'TOH nOBepXHOCTbIO, npa yCJIOBHH, 'ITO 06'beM V CTHrHBaeTCJI K 

~aHHoH TO'lKe. 

<ff(~. ~)dS 
div~(M) = lim ..."S!...-__ 

V~M V 
(2.9) 

rne V - 06'beM, B KOTOpOM HaxO~HTCH HeKOTOpaJI.TO'lKa, as - oKpY*lUOmaJI 3TOT 

06'beM rroaepxaocrs npOH3BOJIbHOH $OpMbI. 

CymecTByIOT H zrpyrae onpeaeneaas LlHBepreHUHH, O~HaKO Ba)l{HOCTb 

onpeneneaas (2.9) 3aKJIIO'IaeTCH B TOM, 'ITO OHO He 3aBHCHT OT KOOp,LlHHaTHOH 

CHCTeMbI. TepMHH «LlHBepreHUHH» BBeJI aHrJIHHCKHH MaTeMaTHK H $HJIOCO$ 

YRrrbHM KHHrLlOH KJIH$$OP,lJ, B 1878 rony, OH)I{e aBTOp 0603Ha'leHHJI div. 

I rllMlIJlj,TOH, KpOMe JlHcjJcjJepeHUHllJIhHoro oneparopa V ('<Ha6J1a»), aaeJl euie nOHATHe aexropnoro nOJlA, 
BeKTOp-~YHXUHH, H MHorHe npyrne nOIDITIUI sexropaoro aH,¥,II'lQ KOMDAKTHQCTb H HHBapHaHTHOCTb 

aeKTOpHol! CHMaOJlHKH, HCnOJlj,30aaHHoli a nepaux TpYJlaJ< MfcBKeJJJIa, JaHH~~am;epI¥.lH'5'l"l ecxope •. . 
alolUIJIK «3J1eMeHThI aexropaoro aHBJlH3B» rK66ca (1880-e )" ,a"taTeM Xetmca!n (1903)' npHJlBJl : 
aeKTOpKoMY HC'IHCJleHHIO coapeMeHHblli nan, t1i"\J lri\., i" t i .. t 'f ,11'1 I' 

" 'J ". '>J..:~ t ~ :J):I 

Lir~i·rfC I
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• 
YHrrbJlM KHHfilOH KmiiPepOPil (IIHm. William Kingdon Clifford, 
1845, 1879) - IIHrJIHHCKHH MaTeMaTHK H iPHnocoep. HapJIJlY C 

fH66coM H XeBHCaHilOM JlBnJleTCJI OCHOBOTIOnOlKHHKOM BeKTOpHOro 

aaamna. Bsen (1878) cospeueamre TepMHHbl oueepzenuus 
(KOTOpYlO MaKCBeJIJI naasrsan xoueepeeuuueii) H pomop. B 
nocsseprao H3,llaHHOM rpyne «3J:lPllBbIH CMhlcn B TO'lHblX aayxax» 

~ (ony6n. 1885) ,llM coapeaeanoe onpeneneaae CKanJlpHOrO 

1r.1(. ~ rrpOH3Be,lleRHJI BeKTOpoB. Iloxoponen ua Xaarearcsoa KJIa,ll6HlIIe, 
- - ]lOH,llOH, pJi)lOM C MOrHJIOH OCHOBOTIOJIOlKHHKa KOMM)'HHCTH'IeCKOH 

TeOpHHPa:lBHTHJI ofiutecraa Kapnox Mapxco«. 

IIpe,nrrOJIO)KHM, 'ITO BeKTOpHaJI <PYHKIJ:HJI ~ aanaaa B ,neKapTOBOH CHCTeMe 

xoopmmar. 3TO osnaxaer, 'ITO H3BeCTHhI TpH CKaJIJlpHhIe <PYHKll;HH ax(x,y,z), 

ay(x,y,z), az(x,y,z). HaH,neM supaxeaae ,nJIJI ,nHBepreHIJ:HH B TOqKe 

p(x,y,z) B ,neKapTOBOH CHCTeMe xoopnaaar [6]. BbI6epeM 06JIaCTb, 

OKpj')KaIOIIJYlO TOqKY P B sane 3JIeMeHTapHOrO napannenenanena co 

CTOpOHaMH !'>X, ~y, t;.z. Haii,neM cYMMapHbIH rrOTOK <I> (x) BeKTOpa ~ xepea nse 

rrpOTHBOrrOJIO)KHble rpaaa, nepneanaxynspasre OCH x: 

z 
__ "1

uA?i' - PH~.2.3. Onpenenesae ,nHBepreHll;HH B ,neKapTOBOH 

CHCTeMe KOOp,nHHaT n~X 
x 

<1>(') = ;~~y &: + ;n2~y&: = -axl~y ~z + ax2Ay &: = (a.2- a.1 )Ay&:, 

me a l H aa cpemrae 3HaqeHHJI npOeKQHH ax na rpaasx, K KOTOpbIM aa pHC. 2.3 x
npoaeaensr cooTBeTcTBYIOIIJ;He HOpMaJIH. IIpH6JIH)KeHHo MO)KHOsanacars, 'ITO 

_ _oa. 
a.2 a. l = --Ax 

Ox 

<1>(x) _ oax _ oax AV
Torna = AX AxAy &: - fu U .rne L1 V - 06beM napannenenanena, 

no aHaJIorHH MO)KHO sanacars H KOMnOHeHTbI rrOTOKa sepes napsr 
rrpOTHBOnOJIO)KHbIX rpanea, rreprreH,nHKYJlJlPHbIX OCJlM y H z. Torna nOJIHbIH 

nOTOK BeKTOpa ;; sepea BCIO nOBepXHOCTb napannenenanena 6y,neT 

<I> =<I>(x) + <I>(Y) + <I>(Z) == (oax + oaY + oaz )L1v. 
ox Oy oz 

YCTpeMJIJIJI o6beM napannenenanena K nymo, nyrev CTJlrHBaHIDI ero K TOqKe P 
rrepeH,neM OT npafinaaceanoro paBeHCTBa K TOqHOMY H rroJIyqHM, COrJIaCHO 

onpeneneamo zrasepremraa (2.9), 'ITO B nexaprossrx xoopnaaarax 

,
 div-;;(P) =oax+ oay + oaz
 
(2.10)~ ax 0' az' 

3Ta HeCJIO)KHaJI <popMYJIa (2.10) H CJIj')KHT ,nJIJI BbIqHCJIeHIDI ,nHBepreHUI1H 

sexropnoro rrOJIJI. 

Ilpassep 2.5. BblqHCJIHTb nnaeprennmo BeKTOpHOrO rrOM 
-() J' 2 - J­aM =4~ i-y z}+7z k B TOqKe Mo(1;-3;2). Pemeuae. Tor,na 

J 2 Jax =4~ ,ay=-y z H a =7z . 3HaqeHWI qaCTHbIX npOH3Bo,nHbIX:z 

_,Xoal = 4y JI =-108 -y =-2yz l =12 _zoal =21z 2 =84cal I ox Mo Mo '0' Mo Mo ' az Mo Mo . 

Teneps, BOCrrOJIb30BaBIIIHCb $OPMYJIOH (2.10) BblqHCJIHM naseprennaro nona B 

3a,naliHoH TOqKe div-;;(Mo) =-108 + 12+84 =-12. 

2.6. Cl»H3HlfecKaH mrrepnperauna ;:J:HBepreHqHH 

,L{rui BbIlICHeHWI <pH3HqeCKoro CMbICJIa rrOHliTIDI ,nHBepreHll;HH B cnyxae 

3JIeKTpH'leCKOrO rrOJIJI ofiparasrcs K npencraaneaaro nOM ;; CHJIOBbIMH 

JIHHIDIMH. ECJIH B oxpecrnocra TOqKH P sapanoa HeT, TO KOJIHqeCTBO JIHHHH, 

BXO,nJlII.l;HX B JlIUHK, 6y,neT paBHO qHCJIY JIHHHH,BbIXO,nJIIIJ;HX H3 JlIIJ;I1Ka. TaKHM 

06.paJOM, rrOTOK sepea BCIO nosepxaocrs, OKpj')KaIOmyIO TOqKY P, 6YIleT pasea 

HYJIIO, a C HHM 6y,neT paana HyJIIO H ,nHBepreHUI1J1 (2.9). ECJIH B6JII13H TOqKH P 
ecrs rrOJIO)KJ1TeJIbHhIH sapxzt, TO .BbIXO,nJIIIJ;He 113 Hero· JIHHHH cosnanyr 

,nonOJIHI1TeJIbHbIH nOTOK H3 lIIIJ;HKa, a nOCKOJIbKY BbIXO,nJIIIJ;He JIHHHH 

OpHeHTl1pOBaHbI B CTOpOHy BHeUIHeH HOpMaJIH K CTeHKaM JlIIJ;HKa,TO 3HaK sroro 

,norrOJIHHTeJIbHOrO nOTOKa 6y.n;eT nOJIO)KHTeJIbHbIM (B cnyxae )Ke 

OTpHll;aTeJIbHOrO sapana B TOqKe P - OTpHl1aTeJIbHbIM). Torna .n;I1BepreHUWI 

6y,neT MepoH eroro ,nonOJIHHTeJIbHorO rrOTOKa na enanany o6beMa,. 

B03HHKaIOIIJ;ero HJIH HCqe3aIOIIJ;ero B TOqKe P. 
C TOqKH 3peHWI <pH3HKH, ,nHBepreHI{IDI sexropaoro rrOJIJI JlBJlJleTCJI 

rrOKaJaTeJIeM roro, B KaKoH creneaa ,naHHaJI roxxa npocrpaacrsa sansercs 

HCTOqHHKOMHJIH CTOKOM aroro nona: 

diva> 0 - TOqKa nOJIJI asnaerca HCTOqHHKOM; 

diva < 0 - TOqKa nOJIJI JlBJIJleTCliCTOKOM; 
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- - -

diva =0 - CTOKOB H HCTOqHHKOB HeT, JIH60 OHH xosmeacapyror ztpyr 

npyra, 

MO,!J,YJII, ,lJ,HBepreHU:HHldiv~1 xapaxrepaayer MOIl\HOCTb HCTOqHHKa WIH CTOKa B 

TOqKe. ECJIH ,lJ,HBepreHU:Hjf pasna HyJIIO B KIDK,lJ,OH TOqKe o6JIaCTIl: V, TO 

BeKTOpHOe none aassmaerca COJIeHOH,!J,aJIbHbIM (HJIH TPy6qaTbIM) B o6JIacTH V. 
Hanpauep, eCJIH B xasecrse BeKTOpHOrO nons B3jfTh COBOKYrrHOCTb 

HarrpaBJIeHHH HaHCKOpeHIIIerO crrycxa aa 3eMHOH rrOBepXHOCTH, TO 

,lJ,HBepreHU:Hjf rrOKIDKeT MeCTOrrOJIO)l(eHHe BepIIIHH H Brra,!J,HH, rrpH'ieM na 
BepIIIHHax naaepreauns 6y,lJ,eT rrOJIO)l(HTeJIbHa (nanpasneaas cnycxa 

pacxonxrcs OT BepIIIHH), a aa snanaaax 0TPHUaTeJIbHM (K Brra,!J,HHaM 

aanpaaneaas cnycxa CXO,lJ,jfTCjf). 

Erne O,lJ,HHM, 6bITb MO)l(eT, HeCKOJIbKO CXeMaTHqeCKHM, npauepoa MO)l(eT 

CJlY)l(HTb osepo (,lJ,AA rrpOCTOTbI - rrOCTOjfHHOH e,lJ,HHH'iHOH rny6HHbl co BCIO,!J,Y 

ropH30HTaJIbHOH CKOpOCTblO reseans BO,lJ,bI, He 3aBHCjfIl\eH OT rJIy6HHbI, ,lJ,aBM, 

TaKHM 06paJOM, ,lJ,ByMepHoe sexropaoe none aa ,lJ,ByMepHoM rrpOCTpaHCTBe). 

ECJIH Heo6xo,lJ,HMO HMeTb 60JIee peanacrasecxyto KapTHHY, TO MO)l(HO 

paCCMOTPeTb rOpmOHTaJIbHYlO npoesmno CKOpOCTH, npoaarerpaposanayro rro 

BepTHKaJIbHOH rrpOCTPaHCTBeHHOH KOOp,lJ,HHaTe, qTO ,lJ,aCT ry )l(e KapTHHY 

.z:lBYMepHoro sexropaoro rrOAA sa ,lJ,BYMepHOM rrpOCTPaHCTBe, rrpHqeM KapTHHa 
KaqeCTBeHHO 6y,lJ,eT ,lJ,JIjf HaIIIHX u:eJIeH He CHJIbHO ornmarscs OT ynponreaaojt 

nepsoa, KOJIifleCTBeHHO )l(e jfBJIjfThCjf ee 0606Il\eHHeM (secsua 
peaJIHCTHqeCKHM), B TaKoii MO,lJ,eJIH (H B .nepsoa, HBO BTOpOM sapaanre) 

P0,lJ,HHKH, 6blOIl\He CO nna esepa, 6y,!!,YT nasars rrOJIO)l(HTeJIbHYlO ,lJ,HBepreHUHlO 

nons cxopocren reseaaa, a nonaozmsre CTOKH (nemepsr, xyzia BO,lJ,a yTeKaeT)­

0TPHu:aTeJIbHYlO ,lJ,HBepreHU:HIO. 
.LJ:HBepreHl(HB npencrasnaer C060H ,lJ,H«p«pepeHUHaJIbHblH oneparop, 

orofipaxarouraa BeKTOpHOe none B CKaJIJlpHOe WIH .z:lpyrHMH CJIOBaMH ­

,lJ,H«p«pepeHU:HaJIbHblH orreparop, KOTOPbI~, ,lJ,eHcTByjf na sexropnoe none, 

npespamaer ero B CKaJIjfpHOe none. ;[{HBepreHU:f{JI noxasasaer, HaCKOJIbKO 

pacxonsrcs BXO,lJ,JlmHH H HCXO,lJ,jfIl\HH noroxa. 3TO «pHJIOJIOrnqeCKOe 

onpeneneaae, 06'bjfCHJlIOIl\ee 3THMOJIOrHIO TepMHHa, coxpamaerca, eCJIH 

ysecrs, qTO rrOTOK H Ka)l(,lJ,blH 3JIeMeHT rrOTOKa HMelOT 3HaK, H rr03TOMY HeT 

Heo6xo,lJ,HMOCTH ysarsraan, BXO,lJ,jfIl\HH H HCXO,lJ,JlIl\HH rrOTOKH rro OT,lJ,eJIbHOCTH, 

BCe 6Y,lJ,eT aBTOMaTHqeCKH ysreao npn CYMMHpOBaHHH C yseroa 3HaKa. 

TI03TOMY C yqeToM cxasaaaoro, MO)l(HO ztars 60JIee xoporxoe onpeneneaae 

,lJ,HBepreHU:HH. ,[{HBepreHUHjf - 3TO ,lJ,H«p«pepeHU:HaJIbHblH oneparop aa 

BeKTOpHOM none, xapaxrepasyromaa rrOTOK naaaoro rrOAA xepea rrOBepXHOCTb 

MaJIOH oKpeCTHOCTH Ka)l(,lJ,OH BHYTpeHHeH TOqKH 06JIaCTH orrpe,lJ,eJIe~Hjf rrOM. 

Oneparop ,lJ,HBepreHUHH, rrpHMeHeHHblH K nomo, 0603HaqalOT KaK divF • 

3aMeTHM, qTO npa KOJIHqeCTBeHHOM OrrHCaHHH sexropnsrx rrOJIeH, KpOMe 

rpanaeara H ,!I,HBepreHU:HH, HHOr,lJ,a B 3aBHCHMOCTH OT peIIIaeMOH rrp06JIeMbI. 

rrOJIb3yIDTCli rrOIDITHeM poropa WIH aaxps. BUXPb (pOTOp) BeKTOpHOrO nona 

npencraanser C060H BeKTOpHYlO xapaxrepacraxy «BpaIl\aTeJIbHOH 
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:-, COCTaBMIOIl\eH» nona U. BUXpb (POTOp) o603HaqaeTCJI CHMBOJIOM rotU. ECJIH 
J. 

none U HMeeT KOOp,lJ,HHaTbl Ux,UyH u, B fiasace t,) H k, rorna BHXpb
ly. 3arrHIIIeTCJI B BH)J,e: 

- (OUz oUy J~ (OU X eu, J-: (BUy BUx II:: 
rotU= ay--& 1+ &-&]+ ~-----ayl' ,. 

t: p 

,t
If B CHMBOJIHqeCKOH «popMe POTOP 3arrHCblBaeTCJI B BH)J,e onpenenarena
 

i j k' 
- 10 a BrotU= ax Oy oz 

u, Uy u, 
Bexropnoe none U HaJblBaeTCJI tieseuxpeeuu B 06JIaCTH V, eCJIH B Ka)I(,!J,OH ee 

TOqKe rotU =o. 

2.7. .LJ:HeJ»eJ»epeHl(HaJIbHaB eJ»opMa sakoaa coxpaaeaaa 3HeprHH B eJ»H3HKe 

Ha npauepe H3 «pH3HKH noxaxea BIDKHOCTb nOIDITHjf ,lJ,HBepreHUHH. 

BbI,lJ,eJIHM B cepenane aepasaosrepao narperoro 'rena rrpOH3BOJIbHYlO 

3aMKHYTYlO nosepxnocrs S , KOTOpM orpaaasaaaer 06'beM V . CqHTaeM, qTO 

B 06'beMe V TerrJIOBbIe HCTOqHHKH OTCYTCTByIOT. Torna KOJIHqeCTBO 'renna QI 
nsrrexaroutero sepes rrOBepXHOCTb S B e,lJ,HHHUY BpeMeHH 6Y,lJ,eT 

- Bm 
npencraansrs C060H MOIl\HOCTb TerrJIOBOrO rrOTOKa q (H3MepjfeTCjf B -2 ). B 

M 

3TOM cnysae, KOJIHqeCTBO TerrJIOTbI npoxonsuiea B e,lJ,HHHu:Y BpeMeHH xepes 

3JIeMeHTapHYlO rrJIOIl\a,!J,KY dS rrOBepXHOCTH MO)l(HO sanacars B sane 

OQI =,(q dSat 'j n , (2.11) 
s 

rne qn - npoexnas BeKTOpaq na HOpMaJIb n K rrOBepXHOCTH S . 
C ,lJ,pyroH CTOpOHbl, norepro renna BHYTPH 06'beMa V, H3-3a ero 

ssrresaaaa sepes rrOBepXHOCTb S, MO)l(HO oneaars CKOpOCThIO y6bIBaHHjf 

~ 8Q2 ~ 6 VBTerrJIOBOH 3HeprHH ----at conepxameacs B enaaane 0 'beMa . upaaaa 

KOJIH'ieCTBO TerrJIa sepes 06'beMHyro llJIOTHOCTb anepraa, 3arrHIIIeM MOIl\HOCTb 

TerrJIOBOH snepraa sepes o6beMHbIH HHTerpaJI 
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- - - -

- - -

OQ2 = _ fOP dV , (2.12)ot v ot 

rne P - 06'beMHaJI rrJIOTHOCTb TellJIOBOH anepraa, a 3HaK MHHYC yxaasrsaer aa 

yMeHbmeHlIeTerrJIOBOH saepraa BO BceM 06'beMe V. 
I1CXO,lUl H3 3aKOHa coxpaaeaas aaepraa, rrpzpastraaaesr BbIpIDKeHIDI 

(2.11) II (2.12). Torna rroJIY'lHM 

-S: dV = 1qndS .	 (2.13) 
v s 

I1crrOJIb3ySI sarracs <p0PMYJIbI Ocrporpaztcxoro-Faycca B BeKTOpHOH <popMe 

[divqdV = fqn dS , 
v s 

aarraurex B (2.13) rroBepXHOCTHbIH HHTerpaJI q n dS xepea 06'beMHbIH1
s 

HHTerpaJI. IToCJIe sroro (2.13) npaxer BII.n:: 

- SOP dV = fdivqdV.ot . v v 
Orciozra IIMeeM 

_op =divq (2.14)ot 

PaBeHCTBO (2.14) rrpe.n:CTaBJISIeT C060H. 3aKOH coxpaaeaas :mepmH B 

.n:1I<p<pepeHUHaJIbHOH <popMe. 
B TaKoH <popMe '1aCTO 3aI1HCbIBaIOTCSI a.npyrae 3aKOHbI COXpaHeHIDI ,nIDI 

PaJJIHlfHbIX <p1I311'1eCKHX BeJIHlfHH: . 
a<1> ­

-8t"=divQ.	 (2.15) 

r.n:e	 <1> =<1>(x,y,z,t) H a =a(x,y,z,t) - nexoropsre <PYHKUHII. 

I13 <pH3H'IeCKlIX3aKOHOB COXpaHeHIDI, 3aI1l1CaHHbIX B BII.n:e paaeacrs BMa 
(2.15) BH.n:Ha Heo6xo.n:lIMOCTb HcrrOJIb30BaHHSI rrOHSITHSI .n:IIBepreHUHII B 

MaTeMaTlllfeCKOH reopaa rrOJISI. 

2.8. Oneparop Jlannaea H JIanJIaCHaH c1JyHKUHH 

I1CXO,lUl 113 <p1I3HlfecKHX co06pIDKeHHH, 060CHYeM Heo6xo.n:HMOCTb 
BBe.n:eHIDI CJIO)KHorO oneparopa divgrad, KOTOpbIH HaJbIBaIOT onepamopou 

Jlannaca. 

Tlbep-CHMOH Jlanrrac (q,p. Pierre-Simon Laplace, 1749 - 1827) ­
I I 

4lPaHI{Y3CKHH MaTeMaTHK H acrpoaou. TIPH peweHBH npHKJl3,!(I{bIX 

~: 3a,n;a'l Jlannac paspatioran MCTO.zu,IMaTeMaTH'IeCKOH q,H3HKH, nrapoxo 
acnonsayeasre H B uame speas. Ero HMeHeM Ha3BaHO 

npeocpascaanae Jlannaca, ypasaeaae Jlannaca H oneparop JIannaca. 
B 1785 rony aa O,llBOM H3 3K3aMeHOB Jlannac BhlCOKO OI{eHHJJ 

3HaHHlI 17-JJeTHero a6HTYPHeHTa Boaanapra, BnoCne.llCTBHH ax 
OTHOWeHHlI 6bIJ1H Hell3MeHHO TenJlhlMH. Hanoneon uarpanan 
Jlannaca THTyJJOM rpaq,a I1MnepHH H BceMII MbICnHMhlMH opzteaaua 
H .lIOnlKHOCTlIMH. OH .lIIDKe np060BllJI ero aa nocry MHHHcTPa 

BHYTPeHHHx nen, HO CnyCTlI 6 aeneas npeJUIO'leJJ npasaars CBOIO 

Owa6Ky. Jlannac BHeC B ynpaanenae, KaK supasancs noaaaee Hanoneon, «nyx 6erKoHe'IHo 
MllJIbIX», T. e. MenOtJIIOCTb. 

COrJIaCHO saxony <1>ypbe, TenJIOBOH nOTOK q B cepeznme MaCCIIBa 
nponopuaoaanea rpanaenry TeMnepaTypbI 

q=-kgradT .	 (2.16) 

rne k - rrocToHHHbIH K03!p<pHUlIeHT rennonposonaocra. ITocTaBHB (2.16) B 

(2.14), nonyxaa: 

aQ =kdiv gradT (2.17)at 

Ypasaeaae (2.17) KaK pas H nOKaJbIBaeT He06xo)J;HMoCTb BBeileHIISI 

oneparopa Jlannaca divgrad H COOTBeTCTBYJOIUero eMy nannacaana <PYHKUHII. 

ITyCTb B npocrpancrse CYIUecTByeT CKaJISIpHOe none /(x,y, z). 
JIanJIaCHaHOM <pyHKUHH I Ha3bIBaIOT ssrpaaceaae div gradf ; xoropoe 

06bI'IHO 0603Ha'laIOT 111 ('1HTaeTCH «JIarrJIaCHaH I»): 

AI == div grad I .	 (2.18) 

0603HaQeHHe A BBeJI P. Mep<P1I B 1833 rony.
 
3aMeTlIM, 'ITO CKaJIHpHOe npoassezrenae oneparopa Ha6JIa aa BeKTOpHYJO
 

<PYHKUIIII a .n:aeT .n:HBepreHUIIIO 3TOH <pyHKUHH: V· a = diva ,a BeKTOpHoe 
, 

npoasaeaeaae oneparopa Ha6JIa sa BeKTOpHYJO <PYHKUHIO a naer pOTOp 3TOH 
I 

<PYHKUHH: V x a = rot a.
 
B .n:eKapTOBbIX xoopnaaarax BbIpIDKeHlIe (2.18) sanamercs B BII.n:e:
 

o 0 ( ) 0AI == -(gradxl)+- gradyl +-(gradJ)
Ox Oy oz 

HJIH 
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C 

/),/ == i-(al ) +~(a/) + i-(a/J.
Ox Ox ay Oy az Oz 

OKOH'laTenbHO HMeeM 

_ 0 2 I a21 0 21/),j=-+-+­(2.19)ax2 ay2 az2' 

KaK BH,nHO H3 (2.18), nannacaan B nexaprosoti CHCTeMe xoopnaaar 
npencrasnser C060H CyMMy H3 rpex sacrasrx npoaaaoztaux BTOpOro 

nopsnxa rro xoopnaaaraa. CaM oneparop Jlannaca HMeeT BH,n: 

0 2 0 2 0 2 

/),=-+-+­ (2.20)ax2 Oy2az2 

Hero MO)KHO paCCMaTpHBaTb cPopManbHO, KaK cxanapnoe rrpoaaseneaae 
V·V: 

(a~ a--; a-) (a ~ a--; a-)V·V= -l+-j+-k . -l+-j+-k . (2.2 I) ax '. ay az .. ax ayaz 

Ecna <popManbHO' nepeMHO)KHTb 3TO asrpaaceaue, TO rronyqHM 

(2.20), TO ecrs nannacaaa. 
Ilocxonsxy /',. = v .V, TO cxanspaoe npoaasenenne paBHReTCR 

xaaapary MO,nynR /',. =v .v =V 2 
• OTCIO,na BH,nHO, 'ITO nannacaaa cPYHKQHH 

MO)KHO 0603HaqaTb KaK CHMBonOM /),/, TaK H CHMBonOM V
2f . 

B cnyxae O,nHOH He3aBHCHMOH nepeMCHHOH x (o,nHOMepHbIH cnysaa) 

nannacaan cPYUKQHH HMeeT BH,n: 

0214(=- (2.22)ax2 • 

B CJIY'iae ,llBYX He3aBHCHMbIX nepexeaasrx x H y (,nByxMepHbIH cnyaaii) 

nannacaan cPYHKQHH HMeeT BH.!:I: 

a2f a2f4f = ax2 + t3y2 . (2.23) 

Oneparop BH.!:Ia /),2 Ha3bIBaIOT 6HrapMOHH'leCKHM oneparoposs. 3TOT 

oneparop B crrysae nsyx He3aBHCHMbIX nepesrenasrx OH HMeeT BH,n: 

24 

2 8 
4
f .u., 8 

4
f (2.24)

Ll f = 8x4 + 2ax20'2 0'4' 

I PaCCMOTpHM aarracs ypaBHeHHR rennorrposozmocra
i, acnoasaosanaev nannacnaaa. PaBeHcTBo (2.17) aananreu B sane: 

aQ =k.V2T 

at 
rne \72 T nannacaaa resrneparypu MaCCHBa. TaK KaK dQ = Cydl", rne 

Cv - 06'beMHaR rermoeaxocrs MaCCHBa. B 3TOM cnysae 

aT 2
Cv-=k.V T HnH 

at 

aT = 02. v 2T 
(2.25)at 

rne a2 =~ - KOHCTaHTa, aT = T(x,y,z).

Cv
 

BbIpaJKeHHe (2.25) npeztcraanzer co6oii yp08l-leHue mennonpoeoouocmu, 
xoropoe aaorna HaJbIBaJOT erne ypaeneuueu OUPPY3UU menna. 

J(UPPY3UJl eetqecmea npa ManoH KOHQeHTPaQHH pacrsopa onacsraaercs 
aaanoranasra ,nH<PcPepeHQHanbHhlM ypasaeaaess 

au =D.V 2u (2.26)at ' 

rne U - KOH~HTpaUHR pacrsopa (OTHOIIIeHHe MaCChi oztnoro BemeCTBpacrsopa 

K nQnHOH Macce B ,naHHOM anesseare 06'beMa), D - K03cPcPHUHeHT.nH<PcPY3HH. 

r JlABA 3. MO,lJ;EJIllPOBAHHE HIDKEHEPHhIX 3A,lJ;Aq, 
IIPHBO,l~51II~1IXK ,lJ;Hcf)cf)EPE~hHhIM YPABHEHlUIM 

TIPH KOnHqeCTBeHHOM onacaaaa cPH3H'leCKHX nonea C acnonssoaaane» 

.!:IHcPcPepeHUHanbHblx onepauaa BeKTOpHOrO aaanaaa npaaeasrorcs rpanaenr, 

.!:IHBepreHQH.I1 H pOTOp. 

3.1. ,lJ;HeJleJlepeHllHaJIbHble ypaBHeHHJI B npHKJIal:\HblX HByqHO-TeXHHqeCKHX 

3BI:\aQaX 

Pasnen .reopas .!:IHcP<pepeHUHanbHbIX ypasaenaa RBnReTCR O.!:lHHM H3 

CaMblX 60nbIIIHX B cOBpeMeHHoH MaTeMaTHKe. Teopaa .!:IHcPcPepeHuHanbHblx 

ypaBHeHHH, KaK H3BeCTHO, COCTORT li3 nsyx ofinacres: reopaa 06h1KHOBeHHbIX 

,nHcPcPepeHQHanbHblx ypaBHeHHH H reopaa ypaBHeHHH C qaCTHbIMH 

rrpoH3Bo,llHbIMH. Oco6eHHocTbIO TeopHH ,nHcPcPepeHIlHanbHhlx ypaBHeHHH 
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jJ:BIDIeTCjJ: ee HerrOCpe,nCTBeHHWI CBjJ:3h C TeXHHqeCKHMH rrpHJIO)I(eHJijJ:MH. 

~OBOJIbHO qaCTO pa3JIHqHhIe TeXHH'leCKHe npoueccsr MO)l(HO CMO,neJIHpOBaTh B 

sane ,nH<p<pepeHUHaJIhHbIX ypaBHeHHH. TaKHMH OKa3hIBaIDTCjJ: MO,neJIH 

Pa.3JIH1iHbIX jJ:BJIeHHH MeXaHHKH CIIJIOIilllOH cpezna, XHMWIeCKHX peaKUHH, 

3JIeKTpWIeCKHX H MarHHTHbIX jJ:BJIeHHH 1'1 np. I1crroJIh30BaHHe MO,neJIeH B sane 

,nK<p<pepeHIJ;HaJIbHhIX ypaBHeHHH, CBjJ:3aHO B OCHOBHOM C B03MO)l(HOCThID B 

KOMrraKTHOH <POpMe C rrpHeMJIeMOH TO'fHOCThID oroopaxeaaa npeznrera 

Mo,neJIHpOBaHHjJ: aanacars <pH3WIeCKHe 3aKOHhI [7]. 
I1ccJIe,noBaHHjJ: Mo,neJIbHbIX ,nH<p<pepeHUHaJIbHbIX ypaBHeHHH BMeCTe C 

HaqaJIbHhIMH HJIH rpaHHqHhIMH YCJIOBHjJ:MH OTKphIBaIDT B03MO)l(HOCTH 

nonyseaas HH<popMaUHH 0 npoacxonsnresr npouecce, a aaorna rr03BOJIjJ:eT 

3arJIjJ:H)'Th H B ero npomnoe, a raxxe Y3HaTh eme 1'1 ero 6y.nyllIee. Hayseaae 

MaTeMaTHqeCKOH Mo,neJIH MaTeMaTWIeCKHMH MeTo,naMH rr03BOJIjJ:eT He TOJIhKO 

nonynars KaqeCTBeHHhIe xapaKTepHCTHKH <pH3HqeCKHX jJ:BJIeHHH 1'1 paccsarars 

C 3a,naHHOH creneasio TOqHOCTH XO,n peansnoro npouecca, HO 1'1 aaer 

B03MO)I(HOCTb rrpOHHKH)'Th B CYTh <pH3H'IeCKHX jJ:BJIeHHH, a aaorna npeacxasars 

.1'1 HOBbIe <pH3WIeCKHe 3<p<peKTbI. Bsmaer, 'ITO casta npapona <pH3WIecKoro 

jJ:BJIeHHjJ: noncxaauaaer 1'1 nonxonsr, 1'1 MeTo,nhI MaTeMaTWIeCKoro 

HCCJIe,nOBaHHJl. KpHTepHeM rrpaBHJIhHOCTH BbI60pa MaTeMaTWIeCKOH Mo,neJIH 

JlBJIjJ:eTCjJ: npaxraxa, COrrOCTaBJIeHHe ,naHHbIX MaTeMaTWIecKoro HCCJIe,nOBaHHJl C 

3KcrrepHMeHTaJIhHbIMli ,naHHbIMH. 

~JIjJ: npencrasneaaa MaTeMaTHqeCKOH Mo,neJIH B BH,ne 

,nH<p<pepeHIJ;HaJIbHhIX.ypaBHeHHH, ,!(JIj{ pjJ:.t\.a sanas He rpefiyercs HH<popMaUHH 

060" BceM <pH3WIecKoM npouecce, a He06xo,nHMo.3HaTh TOJIbKO JIOKaJIbHbIe 

CBjJ:3HMe)l(,ny OCHOBHbIMH xapaxrepacraxava jJ:BJIeHHjJ:. 

06blKHOBeHHbie ourjJt/JepeHlfUQJlbHble ypaeueuux B03HHKaIDT rorna, xorna 

HeH3BeCTHWI <PYHKIJ;HjJ: 3aBHCHT JIHIllh OT O,nHOH He3aBHCHMOH nepesreaaoa. 
Cooraomeaae Me)l(,l(y He3aBHCHMOH nepesrerraca, HeH3BeCTHOH <pyHKu;HeH H ee 

npoassonasnor no aexoroporo rropxnxa npencrasnser C060H 

,nH<p<pepeHUHaJIbHOe ypasnenae. O,nHOH 1'13 ,OCHOBHhIX sanaa 3TOH reopaa 

jJ:BJIjJ:lQTCjJ: cYllIeCTBOBaHHe Y .nH<p<pepeHumuihHhIX ypaBHeHHH TaKHX peureaaa, 

KOTopbIe y,nOBJIeTBopjJ:IDT HaqaJIbHbIM YCJIOBJijJ:M KOlIIli npa e,nHHcTBeHHoCTH 

penreaaa 1'1 ero yCTOHtrHBOCTH. Ilon YCTOHtrHBOCThID penreaaa rrOHHMaIDT 

MaJIhIe H3MeHeHJijJ: peurenaa npa MaJIhIX H3MeHeHJijJ:X ,norrOJIHHTeJIbHbIX ,naHHbIX 

3a,naqH 1'1 <pyHKUHH, orrpenenaroumx CaMO ypasneaae". Ba)l(HbIMH ,!(JIjJ: 

rrpHJIO)l(eHHH jJ:BJIjJ:lQTCjJ: HCCJIe,noBaHHjJ: xapaxrepa penreaaa, TO ecrs 

xaxecrseaaoro nosenenaa peureaas 1'1 aaxoxneaae MeTo,nOB qHCJIeHHOrO 

peurenas ypaBHeHHH. 

l1H)I(eHepy qaCTO rrpHXO,nHTCjJ: CTaJIKHBaTbCjJ: C 3a,naqaMH, B KOT17PbIX 

HCKOMajJ: BeJIHqHHa 3aBHCHT OT HeCKOJIhKHX nepexeaasrx. B 3TOM enysae 
penraexsre ypasaenaa coztepscar xacraue npoassomrae 1'1 HasbIBaIDTCjJ: 

out/Jt/JepeHlfUQJlbHblMU ypaBHeHWlMU 6 'IaCmHbZX npOU3poOHbZX. Teopaa 

• EC!lH J1(e M8JlLle H3MeHeHHJI lIl1H11h1X 30~"'" npHBO)lJlT K CPaBHKTeJU.IlO 60JlhwHM H3MeHeHHJlM soaexaoro 

pemeaas, TO roaopsr, tiro peJ1IPI'nJ.~ HeycroAtlHBO. 
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ypaBHeHHH C qaCTHbIMH rrpOH3Bo,nHbIMH B03HHKJIa aa OCHOBe KOHKpeTHbIX 

<pH3HqeCKHX sanas, rrpHBOMIIIHX K HCCJIe,nOBaHHID OT,neJIhHbIX ypaBHeHHH C 

qaCTHbIMH rrpOH3BO,nHbIMH, xoropsre rrOJI)"lHJIH Ha3BaHHe OCHOBHbIX ypa6HeHUU 

MameMamU'IeCKOU t/JU3UKU. Ba)l(HeHrnHMH ypaBHeHIDIMH MaTeMaTWleCKOH 

<pH3HKH jJ:BJIjJ:lQTCjJ:: ypasaeaae Jlannaca, ypasaeaae TenJIorrpOBo,nHOCTH 1'1 

BOJIHOBOe ypaaaerrae. B 3THX ypaBHeHHjJ:X <PYHKu;ID1 <I> 3aBHCHT OT BpeMeHH, a 

TaK)I(e HCXOM 1'13 rrOCTaHOBKH 3a,naqH - MO)l(eT aasacers OT O,nHOH, ztsyx 1'1 rpex 

nepexeansrx. B 0611IeM cnysae <I> = <I>(/,x,y,z). YpaBHeHHe C qaCTHblMH 

npoaasozmsrxa - 3TO COOTHorneHHe Me)l(.ny He3aBHCHMbIMH nepeaeaasnra, 
HeH3BecTHoH <pyHKu;HeH 1'1 ee qaCTHbIMH npoasaoztasnra no nexoroporo 

nopxaxa. AHaJIOrWIHO onpenenaercs CHCTeMa ypaBHeHHH, xorzta HMeeTCjJ: 

HeCKOJIhKO HeH3BeCTHbIX <pyHKUHH. 

K ypaeneuuto HQ1VlaCa CBOMTCjJ: caasre pasaoofipaaasre <pH3HqeCKHe 

3a,na'IH Pa3JIWIHOH npapozrsn 

eiu + 02U = ° (3.1)8x2 8y2 

YpaBHeHUIO Jlannaca (3.1) scrpesaercs B sazrasax 3JIeKTpOCTaTHKH, 

reopaa rrOTeHUHaJIa, rH,npo,nHHaMHKH, reopaa rennonepenasa 1'1 MHornx 

npyrax paanenax <pH3HKH, a TaK)I(e B 'reopaa <PYHKUHH xosmnexcaoro 

nepexeaaoro 1'1 B Pa3JIHqHbIX 06JIaCTfi MaTeMaTWIecKoro aHaJIH3a. ECJIH B 

ypaBHeHHH (3.1) npacyrcrsyer aexoropas <PYHKUHJl /(x,y), TO HMeeM TaK 

Ha3bIBaeMOe ypaeueuue Ilyaccoua: 

02U 02U
 
8x2 + 8y2 =- /(x,y). (3.2)
 

YpaBHeHHe (3.2) jJ:BJIjJ:eTCjJ: rrpocTeHIIIHM npencraaarenea mapoxoro 

KJIaCca TaK Ha3bIBaeMbIX 3JUlUnmU'IeCKUX ypaeuenuii. 

Ba)I(HOe MeCTO 3aHHMaeT ypaaneaae JIaIIJIaca B TerrJIOTeXHHKe, rae OHO 

HOCHT Ha3BaHHe ypaeueuue mennonpoeoouocmu 

OU =02~ + /(x,t), 1> °,0 < x < 1 (3.3)
01 ox 

C KpaeBbIMH YCJIOBHjJ:MH l-ro pona U(O,/) =Jit(I), U(t,/) =Ji2 (I), u(x,O) =uo(x). 
3TO ypasaeaae scrpeaaerca B reopaa rennorrepenasa, B reopaa 

,nH<P<PY3HH, a TaK)I(e B 'reopaa BepojJ:THOCTeH. OHO jJ:BJIJleTCJl HaH60JIee rrpOCThIM 

npeztcraaarenea KJIaCca TaK Ha3bIBaeMhIX napa60JlU'IeCKUX ypaeuenuii. 

Hexoropsie CBoHcTBa peureaaji ypasaeaaa TeIIJIOrrpoBo,nHOCTH HarrOMHHaIDT 

CBoHcTBa pemeaak ypaBHeHIDI JIaIIJIaca, 'ITO HaxO,nHTCjJ: B COrJIaCHH C HX 

<pH3WIeCKHM CMbICJIOM, TaK KaK ypasaeaae Jlannaca onacsrsaer, BqaCTHOCTH, 

27 

Н
А
УЧ

Н
О

-И
Н
Ф
О
Р
М
А
Ц
И
О
Н
Н
Ы
Й

  Ц
Е
Н
ТР

  С
А
Н
КТ

-П
Е
ТЕ

Р
БУ

Р
ГС

КО
ГО

  Г
О
С
УД

А
Р
С
ТВ

Е
Н
Н
О
ГО

  Т
Е
Х
Н
О
ЛО

ГИ
Ч
Е
С
КО

ГО
  У

Н
И
В
Е
Р
С
И
ТЕ

ТА
  Р

А
С
ТИ

ТЕ
ЛЬ

Н
Ы
Х

  П
О
ЛИ

М
Е
Р
О
В

 



CTaUHOHapHoe pacnpenenenae resmeparypu. YpaBHeHHe TenJIoupOBO~HOCTH 

6biJIO ssrseaeao H anepssre HCCJIe~OBaHO B 1822 rony B 3HaMeHHTOH pafiore )1(. 

<l>ypbe "AHaJIHTlf'IeCKaR TeopIDI renna", KOTOpaR csrrpana BaJKHylO pOJIb B 

pa3BHTHH MeTO~OB MaTeMaTlf'leCKOH epH3HKH H reopaa TpHroHOMeTplf'leCKHX 

Pjj~OB. 

Pa3JIH'IHhIe BOJIHOBbie nponeccu, B 'IaCTHOCTH pacnpocrpaneaae 
'3BYKOBbIX BOJIH onacuaaerca BOJIHOBbIM ypasaeanesr. 3TO ypasneaae 
OTHOCHTCjj K KJIaccy TaK Ha3biBaeMbIX zunep60Ru~eCKUXypaeHeHUU H HrpaeT 

Ba)KH)'lO POJIb B aKYCTHKe: 

a2 
U "a 2u--2:-=0 (3.4)at2 

1=1 ax; . 

Ilpa penreaaa ;:w<p<pepeHUHaJIbHbiX ypaBHeHHH sroporo nopsnxa B 

'IaCTHbIX npOH3BO~HbIX06bI'IHO sanarorcs rpaaaxasre HJIH aaaansnsre yCJIOBIDI, 

a TaK)Ke KOM6HHauIDI rex H ~yrHX. 3T03Ha'IHT, 'ITO KpHBlIJI pemenas ~OJI)KHa 

06jj3aTeJIbHO npOHTH xepes 3~aHHbIe rpaaasnsre HJIH naxansnsre YCJIOBHjj. 

,lWyrHMH CJIOBaMH, aaztasa HaxO)K~eHIDI <pyHKl\HH, ynoaneraopasomeil 
3~aHHOMY ~HepepepeHUHaJIbHOMY ypaBHeHHIO B HeKOTopOH o6JIacTH H 

onpeaenenase« xpaessra yCJIOBIDIM aa rpaaaire :nOH 06JIaCTH, HOCHT Ha3BaHHe 

penreaae KpaeBOH aaztasa (T.H. sanasa ,[VipHXJIe HJIH,nepsas xpaesas sanasa). B 

TO spesor, KaK xpaessre yCJIOBIDI 3~3lOTCH HCKJIIO'IHTeJIbHO aa rpanaxasrx 

TO'lKaX 06JIaCTH, rne HmeTCH peureaae, HaqaJIbHbIe yCJIOBHH MOryT OKa3aThCH 

3~illIHbIMH aa onpeneneaaosr MHO)KeCTBe TO'leK BH)'TpH 06JIacTH. Pa3JIlf'IaIOT 

nepsyio H BTOp)'lO xpaessre sanaxa. 

Ilepsaa xpaesas sanaxa - sanaxa OThICKaHHjj pemeaaa 3JIJIHnTH'IeCKoro 

ypaBHeHIDI C KpaeBbIMH YCJIOBIDIMH l-ro pona. 3TY sanasy TaK)Ke Ha3bIBaIOT 

anorna saoauei; Ilupuxne (CM. rJI.8). 

BTOPaR xpaesas sazraxa HJIH saaasa HeliM8Ha - saaaxa OTbiCKaHIDI 

penreaas 3JIJIHUTlf'IeCKoro ypaBHeHIDI' C KpaeBbIMH YCJIOBIDIMH 2-ro pona. B 

npOCTeHIillIX CJIY'laRX, B 'IaCTHOCTH, ~ ypaBHeHIDI Jlannaca saaava HeHMaHa 

COCTOHT B OTbICKaHHH pemenaa B HeKOTopoH 06JIaCTH, HMelOmerO na rpamme 

3TOH 06JIaCTH 3~aHHylO HOpMaJIbHylO npOH3BO~HylO, TO ecrs rrpOH3BO;:WaR 

rpaaaeara <PYHKl\HH na aarrpaaneaae HOpMaJIH. Bnepssre nonofiaoro pona 

sanaxa CHCTeMaTH'IeCKH 6bIJIH HCCJIe~OBaHbI B 1877r. HeMeUKHM MaTeMaTHKOM 

K. HeHMaHoM. 

Ha pyoesce XIX sexa, TeopIDI ~H<pepepeHUHaJIbHbIX ypaBHeHHH 

060raTHJIaCb reopaea HHTerpaJIbHbIX ypaBHeHHH: <l>pe~rOJIbMa. Hrrrerpansnoe 
ypasaenae npencraanser C060H, <pyHKIlHOHaJIbHOe ypaBHeHHe C HHTerpaJIbHbIM 

rrpeofipaaosaaaew H~ HeH3BecTHoH epyHKUHeH. ECJIH HHTerpaJIbHOe ypasneaae 

CO~ep)KHT TaK)Ke npoaasonnsre OT HeH3BeCTHOH: epyHKl\HH, TO rOBopHT 06 

anrerpo-nadspepenuaamrrox ypaBHeHHH. Ilpaxepoxr aarerpo­

~H<pepepeHUHaJIbHOrOypaBHeHHH MO)KeT CJIY)KHTb ypasnenae pOCTa TpeIUHHbI B 

sasxoynpyrcx MaTepHaJIe (nOJIHMep, 6eToH H T.~.). 
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,lJ,ocToBepHOCTb MaTeMaTH'IeCKOH: MO~eJIH 3aBHCHT OT reopesr 
cynrecrsoaaaaa peureaati cooraercraytourax ~HepepepeHUHaJIhHbIX ypaBHeHHH. 

,lJ,eJIo B TOM, 'ITO MaTeMaTH'IeCKaR MO~eJIb He acerna ~eKBaTHa KOHKpeTHOMy 

HBJIeHHIO H H3 cymecTBOBaHHH peureaaa peaJIbHOH 3~a'lH (epH3H'IeCKOH:, 

XHMHQeCKOH, 6HOJIOrlf'leCKOH) euie He CJIe~eT cymecrsosaaae penreaas 
COOTBeTCTB)'lOmeH MaTeMaTHqeCKOH aanaxa. 

<1>peWOJIbM (Fredholm) 3pHK Hsap (1866 -1927), U1BelicKHi!: 

MaTeMaTHK. IIepBbIM aasan HCCJIeliOBaHHe asrerpansasrx 
ypaBHeHHi!: (ypaBHeHHH C HeH3BeCTHoi!: iPYHKIIHeH non 3HaKOM 
arrrerpana). Paapafioran 05IIU1e MeT0lIhi pemenas aexoropsrx 

BH.l\OB HHTerpaJIbHbIX ypaBHeHHH, n0JIY'IHBUlHX Ha3BaHHe ero 
HMeHH. 

3.2. Ilonxoma Ie pemeamo ~HcI»cI»epeHQHaJlbHblXypaBHeHHH 

Oseas MHorne H3 ~Hep<pepeHUHaJIbHbiX ypaBHeHHH, K CO)KaJIeHHIO, He 

HMelOT aHaJIHTH'IeCKOrO penreaas, H 'ITo6bI pemars HX, UPHXO~HTCH npafierars 

K qHCJIeHHbIM MeTO~aM. ECJIH MH penreaas 06bIKHOBeHHbIX ~H<pepe­

peHl\HaJIbHbIX ypaBHeHHH cyinecrsyer MHO)KeCTBO Pa3JIlf'IHh~X MeTO~OB, TO ~JIjj 

pemeaas ~H<pepepeHl\HaJIbHbIX ypaBHeHHH B 'IaCTHbIX rrpOH3BQ~HbIX 

npHXO~HTCH BbI6HpaTb JIHmb Me~ MemOOaMU KOHe~HblX pa3HOCmeU H 

KOHe~HblX sneueumoe [7,8]. 
Ilpa pemenaa KOHKpeTHhIX ~Hep<pepeHUHaJIbHbIX ypaBHeHHH 'IaCTO 

HCnOJIb3)'lOTCH MeTO~bI, 06JI~aIOmHe 60JIbmOH o6mHocTblO. TaKHMH 

MeTO~aMH jjBJIHIOTCH, aanpaaep, MeTO~ <l>ypbe, MeTO~ PHTUa, MeTO~ 

I'anepxaaa, MeTO~bi reopaa B03MYmeHHH H npyrae, 

B HaCTOHmee BpeMH Ba)KHylO POJIb B pa3BHTHH reopaa 

~H<pepepeHUHaJIbHbIX ypaBHeHHH arpaer npaveaeaae cOBpeMeHHbIX 

3JIeKTpoHHbIX BbNHCJIHTeJIbHbIX MaIlIHH (3BM). Hcnonsaosaaae 3BM 

ofinerxaer nposeneaae BbNHCJIHTeJIbHOrO sxcnepasreara npa peureaaa 

~H<pepepeHl\HaJIbHbIXypaBHeHHH H noasonaer BbiHBHTb re HJIH HHbIe CBOHCTB 

HX pemeaaa, IJ,eJIblO BbI'IHCJIHTeJIhHOrO oxcnepaaeara HBlliIeTCH nocrpoeaae C 

Heo6xo~HMOH TO'lHOCTblO OnHCaHIDI aaysaeaoro epH3lf'1eCKOrO HBJIeHHH sa 

B03MO)KHO xoporxoe MamHHHoe apexa. B OCHOBe TaKOrO sxcnepasreara qaCTO 

JIe)KHT qHCJIeHHOe penreaae CHCTeMhI ypaBHeHHH C qaCTHbIMH npoassonasran. 

Orciona npOHCXO~HT CBH3h reopan ~Hep<pepeHUHaJIbHbIX ypaBHeHHH C 

BhI'IHCJIHTeJIbHOH MaTeMaTHKOH H, B 'IaCTHOCTH, C TaJ(HMH ee Ba)KHbIMH 

pa3~eJIaMH, KaK MeTO~ KOHeqHhIX pa3HOCTeH, MeTO~ KOHe'lHbIX 3JIeMeHTOB H 

npyrne. 
B HaCTOHmee BpeMH reopas ~HepepepeHUHaJIbHhIXypaBHeHHH C 'IaCTHbIMH 

npoH3Bo~HbIMH npe~CTaBJIHeT c060H illHp0KYIO MaTeMaTHqecKYIO 06JIaCTb. 
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Ilocrpoeaa TeOpIDI spaessrx 3a,na'l' ,nJUI 3JIJIHrrTHtIeCKHX oneparopoa' aa OCHOBe 

He,naBHO C03,naHHOrO HOBOro annapara - TeOpHH rrCeB,nO,nH$$epeHQHaJIhHbIX 

oneparopos, peureaa rrpofinesra HH,neKCa, H3)"l'eHhI csrenraaaue aaaasa ,nJUI 

rnrrep60JIHtIeCKHX ypaBHeHHH. BIDKH)'IO POJIb B COBpeMeHHbIX HCCJIe,nOBaHIDIX 

rnrrep60JIH'l'eCKHX ypaBHemrn arparor aarerpansasre oneparopsr $ypbe, 

xoropsre 0606IQalOT oneparop rrpe06pa30BaHIDI <Dypbe aa TOT CJI)"l'aH, xorna 

$a30BM $yHKQIDI B rroxasarene 3KCrrOHeHTbI, Boo6IQe roBOpJI, HeJIHHeHHO 

3aBHCHT OT He3aBHCHMbIX nepexeaasrx H qaCTOT. C rrOMOIQhlO HHTerpaJIhHbIX 

oneparopos <Dyphe H3)"l'eH BOnpOC 0 pacnpocrpaneana oco6eHHOCTeH 

peureaaa ,nH$$epeHQHaJIbHbIX ypaBHeHHH, Be,nyIQHH HaqaJIO OT KJIaCCH'IeCKHX 

pa60T flOHreHca. Haaneasr yCJIOBHJI KoppeKTHOH nOCTaHOBKH xpaeasix 3ll,L\a'l, 

HCCJIe,nOBaHbI sonpocsr rJIll,L\KOCTH pemeHHH ,nJ!JI 3JIJIHnTHqeCKHX H 

napa60JIHqeCKHX CHCTeM. 113)"l'eHbI HeJIHHeHHble 3JIJIHnTHtIeCKHe H 

napa60JIHtIeCKHe ypaBHeHIDI BTOpOro nopanxa H mHpOKHe KJIaCChI HeJIHHeHHbIX 

ypaBHeHHH nepsoro nopanxa, HCCJIe,nOBaHa .nJUI HHX aanasa KOllIH, rrocrpoeaa 

TeopIDI pa3pbIBHbIX peureaaii, fny6oKOMy InyqeHHIO 6hIJIH noztaeprayna: 

. CHCTeMa HaBhe-CTOKca, CHCTeMa ypaBHeHHH norpanasnoro CJIOJI, ypaBHeHIDI 

reopaa yrrpyrocra, ypaBHeHHR $HJIbTpaQRH H MHorne ,npyrne Bll)KHhIe 

ypaBHeHIDI MaTeMaTHtIeCKOH $H3HKH. 

3.3. K.rJaccu«ItuKaQUH Jlu«lt«ltepeHQUaJlLHbIX ypaBHeuuii B '1aCTHbIX 

npOU3BOJlULIX 

, ,lVi$$epeHQHBJIbHbIe ypaBHeHHJI B qaCTHbIX npoasaonasrx KJIac­

CH$HQHpyIOT JIH60 B 3aBHcHMoCTH OT· HX MaTeMaTHtIeCKOH npaponsr ­
3JIJIHrrTH'leCKHe, napationaaecxae H T. rr., JIH60 B 3aBHCHMOCTH OT 

$H3H'IeCKoro CMhICJIa pemaexsrx C HX rrOMOIQhlO 3a,na'I - ypasneaae 

,nU$$Y3HH, BOJIHOBOe ypasneaae H T. n. ~IT06bI rrOJIh30BaThCJI MaTeMaTH'IeCKOH 

mrreparypoa H nareparypoil no npHKJIa,nHhIM ,nHCQHllJIHHaM, HH)KeHep ,nOIDKeH 

6bITh 3HaKOMC 06eHMH 3THMH KJIaCcH$HKaQIDIMH. . 

,n:H$$epeHQHaJIbHOe ypasneaae BTOpOro nopsnxa B 'IaCTHbIX 

npoaasomrsrx C ,nByMR He3aBHCHMbIMH rrepeMeHHbIMli B 06IQeM BH,ne MO)KeT 

6bITb npencraaneao TaK: 

a2f a2f a2f aj aj 
A(X'Y)-2 +B(x,y)--+C(X,y)-2+E(x,y,j,-,-)=O, (3.5)

Ox Ox ay ay Ox ay 

rne A, B H C aexoropsre $yHKQHH, 3aBHCJIIQUe OT nepesreaasrx x H y. 
B 3aBHCHMocm OT 3Ha'IeHIDI onpe,neJIHTeJIJI B' - 4AC , COCTaBJIeHHoro H3 

K03$$HQHeHToB ypaBHeHUJI, BBO,njIT KJIaCcH$HKaQHIO paccaarpasaeasrx 

ypaBHeHHH: 

• B' - 4AC < 0 - 3JIJIHIITHtIeCKOe ypaBHeHHe; 

• B' - 4AC = 0 - IIapa6oJIHtIeCKOe ypaBHeHHe; 

, 3nnHl1TH'leCKHi! orreparop -lIHljlljlepeHU,IIaJIbHbIIl oneparop 2-m nopsnxa Bqacnn.,x npOH3BOllHbIX. 
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• B' -4AC > 0 - fHrrep6oJIH'IeCKOe ypaanenae. 

3aBHCHMOCTh $YHKQHH A, B H C OT X H Y YCJIO)KHJIeT pemeaae aanaxa, 

TaK KaK IIOJIBJUIeTCjI B03MO)l(HOCTb H3MeHHTh ran ypaBHeHUJI npa nepexozte H3 
O,nHOH xacra paccaarpasaeaoa 06JIaCTH B npyryio. 

3JIJIHrrTH'IeCKHe ypaBHeHHJI OIIHChIBalOT YCTaHOBHBmHeCjI 

(cranaoaapasie) npoueccsr. 3a,na'Ia penraerca ,nJ!JI 3aMKHyrOH ofinacrn, H B 

Ka)l(,noH TO'IKe rpaaausr 3TOH 06JIaCTH 3a,naIOTCJI rpaaa-nrsre yCJIOBHJI. 

TIapa60JIH'IeCKHMH H fHrrep6oJIH'IeCKHMH ypaBHeHHJIMH orrHCbIBalOTCJI 

3BOJIlOQHOHHhIe nponeccsr (nponeccsr «pacrrpocrpaaetras»), B TaKHX sanasax 

aa O,nHOH 'IaCTU rpaaansr CTaBJITCJI aasamnsre yCJIOBUJI, aa ,npyroH _ 

rpamcmsre. B03MOJKHhI TaKJKe orxpsrrsre 06JIaCTH, B xoropsre 
«pacrrpocrpaaaercs penreaae». 

CHMeoH.)];eHH Ilyaccon (q,p. Simeon-Dents Poisson, 1781· 1840) 

- 3HaMeHHTbIH q,PaHUY3CKHH q,H3HK H MaTeMaTHK. B crarse 
«3aMeqaHHe 06 ypaBHeHHH reopaa npHTJllkeHHil:» (1813) ssraen 
ypaaaeaae Ha3BaHHOe ero HMeHeM (CM. Ta6rr.3.1). Ilyaccoa 
He3aBHCHMO OT <1>. EecceJIJI OTKpLlJI q,YHKUHH, xoropsre reneps 
Ha3hIBaIOTCJI 6eCCelleBbIMH, H nan HX pa3110lkeHHJI B 
norrypacxonsmneca pxnsr, Cpena ero yqeHHKOB 6bIJI TI.r.flelKeH' 
)];HpHXJIe. 

HaH60JIee 'IaCTO acrpeaaesnae B HH)I(eHepHOH IIpaKTHKe ypaBHeHHJI B '1aCTHbIX 

IIPOH3BO,nHhIX, npaseneasr B ra6JI. 3.1. 
Ta6JIHQa 3.1 

----.,------------ r.r---------~- - --- .............................".......... .LoO ..... ...............
M ,.. 

YpaBHeHHe MaTeMaTH'IeCKM $opMa B KaKHX TeXHHtIeCKHX sanasax 

Bcrpe'IaeTCJI 

Jlannaca b.f = 0 Y CTaHOBHBmeeCJI Te'IeHHe 

JKH,nKOcTH.CTaUHoHapHbIe 

TellJIOBbIe rrOAA. 

Ilyaccona Aj=-k -Tennonepeztaxa C 

BHyTpeHHHMH HCTO'lHHKaMH 

TerrJIa 

,n:H$$Y3HH b.f =J..-. of 
h2 at 

HeCTaQHOHapHM 

TerrJIOIIpoBo,nHOCTh 

BOJIHOBOe 
4f=~' a 2 

f 
c 2 at2 

PacnpOCTpaHeHHe3ByKoBbIX 

BOJIH 

.6HrapMOHH'IeCKOe /),?f = F(x,y) ,n:e$opMaIIHJI rrJIaCTUH 

, , 

\' 
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r JIABA 4. HEKOTOPbIE CnEIJ,HAJIbHbIE cl»YHKWfiI, 
HCnOJIb3YEMbIE nPH PEIIIEHHH ~cI»cI»EPEHQHAJIbHbIX 

YPABHEHHH 

B :nOH rnase rrpHBOMTCH CBe,l:leHHR 0 cneuaansnsix <PYHKllHRX, 

Heo6xo.o;HMble npn rrOCTpoeHHH MaTeMaTWieCKMX MO,l:leJIeH. 

4.1. rHnep6oJlH'IeCKHe cjJyHKQHH 

B MaTeMaTHKe H ee rrpHJIO)f(eHIUX K eCTeCTB03HaHHIO H TeXHHKe 

HaxOMT nrapoxoe rrpHMeHeHHe noxaaarensaue <PYHKllHH. 3TO, B 

qaCTHOCTH, 06'bRCHHeTcR TeM, 'ITO MHorHe H3YQaeMbIe B eCTeCTB03HaHHH 

HBJIeHHJI OTHOCflCH K 'lHCJIY TaK HaJbIBaeMbIX npoueccos OpraHH'leCKOrO 

.pOCTa, B KOTOpblX CKOpOCTH H3MeHeHHR YQaCTBYlOlllHX B HHX <PYHKllHH 

rrponopnaonansasr BeJIH'lHHaM caMHX <PYHKllHH. ECJIH 0603Ha'lHTb sepes y 
<PYHKllHIO, a -repea x apryaear, TO. ,l:lH<p<pepeHllHaJIbHbIH 3aKOH rrponecca 

OpraHH'leCKOrO pOCTa MO)f(eT 6bITb aanacaa B aaae 

dy == Icy 
dx ' 

rne k - uexoropsui rrOCTORHHbIH K03<p<PHllHeHT nponOpllHOHaJIbHOCTH. 

MHTerpHpOB8HHe aroro ypaBHeHHR npHBO,l:lHT K o6meMY peureaaio B 

BH,l:le nOK83aTeJIbHOH <PYHKllHH . 
.. y=Cexp(h). 

ECJIlf sanars Ha~aJIbHOe yCJIOBHe y = Yo npa x = XO, TO MO)l(HO 

onpeaenars npOH3BOJIbHYIO rrOCTORHHYIO C =Yo exp(-ho) H, TaKHM o6pa30M, 

HaHTH QaCTHOe peureane 

y = yoexp(k(x ­ xo)), 

KOTOpoe npeACTaBJIReT C060H HHTerpaJIbHbIH 3aKOH paccaarpaaaeaoro 

nponecca. 
K npoueccasr OpraHHQeCKOrO pOCTa OTHOCRTCR npa HeKOTopbIX 

ynpotuarourax npennonoxeaaax TaKHe RBJIeHHR, KaK, nanpavep, 

H3MeHeHHe arsrocdepaoro ,l:laBJIeHHR B 3aBMCHMOCTH OT BbICOTbI aaa 

rrOBepXHOCTbIO 3eMJIH, pa,z:(HoaKTHBHbIH pacnaa, OXJIa)l(,[leHHe MH aarpesaaae 

TeJIa B oKPy)f(aromeH cpeae nOCTORHHOH reaneparypu, )'HHMOJIeKYJIRpHaR 

XHMH'leCKaR peaKUHR (aanpaaep, pacrsopeaae seurecraa B sozre), npn 

KOTOpOH HMeeT MeCTO 3aKOH ,l:leHCTBHR Macc (CKOpOCTb peaxuaa 
nponopnaoaansaa HaJIH'lHOMY KOJIH'leCTBY pearapyrouiero seuiecraa), pas­
MHO)f(eHHe MHKpoopraHH3MOB H MHorHe npyrae. 

B03paCTaHHe JleHe)l(HOH CYMMbI BCJIeACTBHe Ha'lHCJIeHHR sa nee 

CJIO)f(HbIX nponeuros (npouenrsr nanpouearsr) TaK)I(e npencraanser C060H 

nponecc OpraHH'leCKOrO pOCTa. 3TH npaaepsr MO)f(HO 6blJIO 6bl 

npononacars. 

32 

Hapaay C OT,l:leJIbHbIMH nOK83aTeJIbHbIMH <PYHKllHRMH B MaTeMaTHKe H ee 

rrpHJIO)l(eHWIX HaXO,l:lRT npasreaeane paJJIHqHble KOM6HHallHH nOKa3aTeJIbHbIX 

<PYHKllHH, cpeaa KOTOpbIX oco6oe anaaeuae HMelOT nexoropsre JIHHeHHble H 
x

.n.p06HO-JIHHeHHble KOM6HHallHH <PYHKllHH eX H e- • TaK Ha3blBaeMbIe 

eunepiionuuecxue <PYHKllHH [9]. 3THX <PYHKllHH meers, ,l:lJIR HHX asenenu 

caenyrouure crreuaansasre HaHMeHOBaHHR, 0603HaqeHHR M HX rpaqmKH: 

zuneD6011U'IeCKUU CUHVC 

fpal}luK 
~:l)x rHuep6oITu'leCKOrO

shx == eX - e­ caayca B MathCad 
2 

10 

zunep6011U'ieCKUU KOCUHyC 10' 

"""><) fpal}lUK
- 4.5chx == eX +e-

x 

rHnep6oITH'leCKOrO 
KOCHHyca B MathCad2 

_II ! I 

-10 0 10 

zunep6011U'IeCKUU maH2eHC 
1.21 I i 

"""'(><) 
fpal}lHKothx == eX <e" raneptionasecxoro 

eX + e-x raareaca B MathCad
-I 

~._._._._._._. 

-1.2' I I-, 

zunep6011U'IeCKUU KomaHzeHC 
s 

rolb(><) 

cthx := eX +e­
x o ----­

o .................................... 
fpal}lHK 

runep60ITU'leCKOrO 
e' _ e- x .-._--.,-"--_' xoraareaca B 

-I 
MathCad 

5 -s 
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C 
2 
= {a, - az)E

.8(l-e)R\ . 

(a) +a2 )E+C 
2.8(1­

k2 ) =2a,E, 
R1 R1 

oTKy,n:a 

. 
ECJIH sanars Ha'iaJIbHLIe yCJIOBHlI y =1 H Y =0 npa 

CHa1laJIa 3Ha'ieHHlI x H y B 06111ee pemeaae, rrOJIY'fHM C1 = 

PaCCM01pHM npHMepbI na OThICKaHHe pemeaaa JIHHeHHOro O,n:HOpO)J,HOro 
,n:H<p<pepeHQHaJIbHOrO ypasneaaa 2-ro nopsznca C 

K03<P<PHQHeHTaMH, HaH60JIee 'iaCTO scrpesaromerocs aa npaxrnxe. 

Ilpasrep 4.1. y' ­ a 
2 y = O. 3TO onaopozmoe JIHHeHHOe 

nopxaxa C rrOCTOHHHbIMH K03<P<PHQHeHTaMH. Ero 

ypasaeaae ,2 ­ a 
2 =0 HMeeT KOpHH '1 =a H '2 = -a. n03TOMy 

pemeHHHMH 6y.D:YT nOKa3aTeJIbHbIe <PYHKQHH e" He-ax, 
JIHHeHHbIe KOM6HHaQHH. npHMeM B xasecrse 'iaCTHbIX peurenait nOJIYCYMMY H 

rrOJIypa3HOCTb rrOKa3aTeJIbHbIX 

eax +e-ax ear _e-ax 

11 = ~ = chax H Y2 = ~ = shax , JIerKO y6e,n:HTbcH B JIHHeHHOH 

He3aBHCHMOCTH 3TRX 'iaCTHbIX perueaaii. ,lVIH 3TOro 

BbI1IHCJIHM onpenenarens BpOHCKOro: 

1 I 
chax shax I ( )W(y = =a\ch2ax - sh2ax=a ,;; O. 

ashax achax 

TaK KaK w(y1,;; 0, TO naansre xacrasre penreaaa 06Pa3)'IOT <pYH.D:aMeHTaJIbH)'IO 

cacrexy, H 06111ee pemeaae 3aIIHmeTCH B sane 

y = C1chax+C2shax. 

rrpOH3BO,n:H)'IO y = aC l shax + aC2 chax H noacrasaa B nee 

nOJIY1lHM C2 =0, H TaKHM 06pa30M xacraoe pemenae ssrpazcaercs 

rnnep60JlH'leCKHH KOCHHYC y =chax . 

ECJIH H3MeHHTb Ha'iaJIbHbIe yCJIOBHlI, 3~aB Y =0 H Y =1 npa 

xasecrse 1IaCTHOro peureaas rrOJIY1lHM rHrrep60JIWleCKHH CHHyC y = shax. 

Ilpasrep 4.2. y- a'y = f{x) .3TO aeoaaopozuroe JIHHeHHOe ypaaaenae 2­

ro nopanxa C rrOCTOllHHbIMH K03<P<PHQHeHTaMH. ,lVIH OTbICKaHHH 

penreaas rrpHMeHHM MeTO,n: BapHaQHH rrOCTOHHHbIX. C nOH QeJIblO B03bMeM 

ofiinee pemeaae COOTBeTcTB)'IOlllero O,n:HOpO,n:HOro ypaBHeHHH (npaxep 5). 
. a +a 

Y'iHThIBM, 'iTO CT =_1_
2_2

, npeoopasyev nocnenaee ypasaeaae K sany
l-k 

fpa$HK 
rHIIep6oJlH'leCKOrO 

cexanca B 

MathCad 
Of.",.........­ f ........", , 

-8 

1.11 I 

o.ss 
e·+e-J{2 

schx = e" + e-x 

zunep60nu~eCKUU CeKQHC 

34 

4.2. Iloerpoeaae pemenaa ~H4»4»epeHU:HaJlbHLIXypaBHeHHH 

C HCnOJlb30BaHHeM raneptioaanecxax 4»yHKUHH 

B03HHKaeT BOnpOC, noxevy naasr HMeHHO TaKHe Ha3BaHHH, npn 'ieM snecs 

ranepfiona H H3BeCTH.bIe H3 1pHrOHOMe1pRH Ha3BaHHlI <PYHKQHH: CHHyC, 
KOCHHyC H T. ,n:.'? B ,n:aJIl>HeHmeM y6e,n:HMClI. 'iTO 3TH Ha3BaHHH He CJIYliaHHbI: 

OKa3bIBaeTClI, <iTO .COOTHomeHHlI, casssrsaromae 1pHrOHOMe1pWlecKHe 

<PYHKQKH C Koop~HHaTaMH TO'ieK OKpY~HOCTH e,n:HHH'fHOro P~HYC~ 

aaanorasasr COOTHomeHwlM, CBlI:3bIBaIOIQHM rHIIep60JIWleCKHe <PYHKQHH C 
xoopnaaaraaa T01leK paBHOCTopOHHeH ranepfionsr C e,n:HHWlHoH nonyocsio. 

3THM KaK paa H onpasnusaerca HaHMeHOBaHHe nmep60JIH'ieCKHX 

<PYHKQHH. 

Fanepfionaxecxae <PYHKQHH aaxoasr npaxeaeaae npa HHTerpHpOBaHHH 

aexoropsrx ,n:H<p<pepeHQHaJIbHbIX ypaBHeHHH. He rosopa 0 TOM, 'ITO B npouecce 
HHTerpHpoBaHHlI ypaBHeHHH MOX<HO nonyxari, xsanparypsr, xoropsre 
cpaBHHTeJIbHO JIerKO BbI'iHCJIHIOTCH npa nOMOIII.H mnepoonaseciorx 
no,n:CTaHOBOK, pemeaaa MHornx ,n:H<p<pepeHQHaJIbHhIX ypaBHeHHH, B 1IaCTHOCTH 

JIHHeHHhIX, y,n:06HO asrpaxars xepea rarrepfionaxecxne <PYHKQHH. Ilpa 3TOM 

3Ha'iHTeJIbHO COKpamaIOTClI BbIKJIa,n:KH, H CaMH penreaas nOJIYlialOTcH B 

60JIee KOMnaKTHOH <popMe. Kposre roro, ranepfionaaecxae rro,n:CTaHOBKH 

n03BOJIHIOT aaorna ynpOCTHTb .D:H<p<pepeHI.(HaJIbHbIe ypaBHeHHH, caons HX K 

JIerKO aarerpapyesrsra BH,n:aM. 

zunep6onu~eCKUU KOCeKQHC 

" \. 
2 

2 fpa<jlHl< 
cschx = .-, on rHnep6oJlHQeCKOrO

X -Xe -e 0 xocexaaca B ----
MathCad 

I 
-I'-8 0 8 

x 

rrOCTOllHHbIMH 

ypasaesae 2-ro 

xapaxrepacraaecxoe 

'iaCTHbIMH 

a TaIOKe HX 

<PYHKQHH 

COCTaBHM H 

x = 0, TO, noncrasaa 

1, a BbI'iHCJIHB 

3Ha'ieHHH x H ~, 
xepea 

x = 0, TO B 

ero ofimero 

" 

i!
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i 

OKOHtIareJIbHO qaCTHOepenreaae II 3anHweTCR TaK: 

E Ee-·' [
II =R +~ ~1~~;rhfJt-ChfJtJ 

I 

AHaJIOTWlHbIM 06paJOM MOJKHO HaHTH '1aCTHOe pemeaae 12 , 

4.3. raMMa !PYHKUHH 

[aMMa-<PYHKUHR snepaae 6bIJIa saeneaa JI. 3HJIepOM B I 729 rony, OHa 

RBJIReTCR MaTeMaTHlJeCKOH <pYHKUHeH, KOTOpM paCWHpReT nOHRTHe 

<paKTOpHaJIa na nOJIe KOMTIJIeKCHbIX 'lHCM (pac.d.l ) H orrpenenaerca <pOPMYJIOH 

)·2· ... ·n n" 
r(z)= ~~Z(Z+I} ..(z+n) 

faMMa-<PYHKUHIO qaCTO HaJbIBaIOT f-<pyHKUHR, f-<PYHKUHR 3HJIepa, 3HJIepOB 

aarerpan 2-ro pona, 
JIeoHllp.u 3iiJlep (HeM: LeonhardEuler; 1707- 1783) - BbmaKJlI(HltCJ.I 

MaTeMaTHK, BHecIIIHfi: 3Ha'IHTeJIbHbIH BKJIa,D. B pa3BHTHe 

l}lYHlIaMeHTaJIbHbIX H PAA& npHKJIa,D.HhIX Ha}'K. ABTOp 60JIee qeM 800 
pa60T .no MaTeMaTHqCCKOMY lIJ;lllJIH3Y, .lUI<P<PepeHUHaJIbHoli 

reoMeTPHH, TeopHH 'IHceJI,npH6JIHJKeHHhIM BbI'lHCJIeHHlIM, He6ecHol! 
MeXaHHKe, MaTeMaTH'leCKOH l}lH3HKe, OnTHKe, 6aJIJIHCTHKe, 

Kopa6JIeClpoeHHIO, TeOpHHMY3hIKHH np. TIo'ITH nOJIJKH3HH nposen B 

POCCHH, rae BHec cYlI(eCTBeHHbIi!: BKJIa,D. B CTaHOBJIeHHe 

oresecraeaaoa HaYKH. B 1726 rony OH 6hIJ1 nparnamen patiorars B 

Caaxr-IlerepoyprvB 1731-1741 H, Ha'IHHaJI C 1766 rolla, 6hIJI 
axa,D.eMHKOM Ilerepoyprcxoa AKa.n;eMHH Ha}'K (B 1741-1766 ronax pa60TaJI B EepJIHHe, 

OCTaBaJlC,b nOqernbIM 'lJIeHOM Ilerepfiyprcson AKlUIeMHH). Xopomo 3HaJI pyccKHii J13hIK, H 

xacrs CBOHX CO'IHHeHHH (ocooenao yqe6HHKH) ny6JIHKOBaJIaa pyCCKOM. 

lJepe3 raMMa-<PYHKUHIO BbIpaJKaeTCR 60JIbWOe qHCJIO onpeneneaasrx 

HHTerpaJIOB, 6eCKOHelJHldX npOH3Be.lleHHH H CYMM PR.llOB. OHa arpaer BaJKHylO 

ponb B TeopHH CneQHaJIbHldX <pyHKQHH • UHJlHH)qJH'l:eCKHX, 

ranepreosretpaxecxax H .up. 3Ta <PYHKUHR H ee CBOHCTBa HCnOnb3y!oTCR 

TaKJKe B aHaJIHTHqeCKOH reopaa qHCen. HaJBaHHe «raMMa-<pyHKQHR» H 

0603HaqeHHe I'(z) npeAJIOJKHJI <pPaHQY3CKHH MaTeMaTHK MpHeH Mapa 
Jlescaanp B 1814 r. 

, I 
: : 

i:
Ii 

r(z) 
- or--..	 I PHcA.I. fpa<pHK raMMa-<pyHKUHH o Jy=r(z), nOCTpOeHHbIH B 

MathCad AJIR BemeCTBeHHbTX 
-2 

'lHCeJI 

-4' ., I «1	 I 

-s -3 -1 

ECJIH BemecTBeHHM qaCTb KOMTIJIeKcHoro sacna z nOJIOJKHTeJIbHa, TO HHTerpaJI 

(3HnepoB HHTerpaJI 2-m pona) 

'" 
f(z) = ftZ-Ie-'dt (4.1) 

o 

CX0.llHTCR aficomorno H MOJKHO nOJIb30BaTbCR ,l{JIR BbIqHCJIeHHH<pOPMYJIOH 

(4.1). 
IIpKMeHRR aarerpaposaaae no qaCTRM,MOJKHO noxasars, 'ITO 

r(z+I)=zr(z). 
A nOCKOJIbKY I'(l ) = 1, nonysaesc 

r(n+1)= nr(n) =... =n!r(I) =n! 

AJIR scex aarypansasrx qKCeJI n. B .llaJIbHeHWeM no MOJKeT nOHa,llo6HTbCR AJIR 

npO.llOnJKeHHR r(Z)B MepoMop<PHYID <pyHKUHIO, onpeneneaayro AJIR acex 

KOMllJIeKCHldX z, aa HCKJlIO'IeHHeM Z =0;-1;- 2;- 3... C nOMOJJU>1O 

aHaJIHTKqeCKOro npO.llOJIJKeHIDI. l1MeHHo ary pacnrapeaayro BepcHIO 06bIqHO H 

CqKTaIOTraMMa-<PYHKUKeH.	 . 

ALlpHeH Mapa JIeJKaH.llP(<pp. Adrien-Marie Legendre, 1752 - 1833)	 ., 
- l}lPaHUyJCKHH MaTeMaTHK. TIepBhIM oTKpIiIJI (1805-1806) H	 I' 

" npHMeHHJI B BbI'IHCJIeHHlIX HaUMeHbWUX xeaopamoe uemoo. TIo 

nosony aBTopCTBa MeTOlla HaHMeHbmHX KBlUIPaToB, KOTOphIM 

JIeJKaHlIp ocofieano ropzrancs, OH HMeJl cnop 0 npaoparere C 

Tayccox, KOTopbIii OTKpbIJI nOT MeTOll .He3aBHCHMO H paasme 

JIeJKaH.L\Pa (1795), HO Ony6JlHKOB8Jl n03JKe. 
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,

,L(pyroe Ba)l(HOe <PYHKll;HOHaJIbHOe ypasaeaae ztnx raMMa-<PYHKll;HH HMeeT 

f/JOpMyJIa OOnOJlHeHUJI. 
7( 

r(I - z)r(z) = sinaa ' 

Haorna HCnOJIb3yeTCjI aJIbTepHaTHBHaJI sanacs, rax HaJblBaeM8JI rra­
-<PYHKll;IDl, 3aBHCJllll8JI OT raMMa-<PYHKll;HH cneztyrormoa 06paJOM: 

n(z)= r(Z + I)= Zr(Z). 

BepoJlTHO, HaH60JIee H3BeCTHOe saaseaae raMMa-<PYHKll;HH OT aeuenoro 
apryuerrra oro 

r(~)=~. 

raMMa-<PYHKll;HJI HMeeT nomoc B Z = - n .nmr JII06oro HaTYPaJIbHOrO n; 
ssrser B :nOH TO'lKe sanaerca rax 

Rez(r,-n) = (-It
n 

Cnezryroniee 6eCKOHeqHOe npoaaseneaae .zimr raMMa-<PYHKll;HH, KaIC 

nOK~aJI Beaepnrrpacc, Be.I'Ho ,nIDI scex- KOMnJIeKCHbIX Z, He JlBIDIIOmUXCjI 

HenOJIO)l(HTeJIbHbIMH ll;eJIb[~: 

r(z)= e-r< fI(I + .:.)-' /;, , 
Z nIlE} n 

me y - 3TOraMMa-KOHCTaHTa 3iiJIepa. 

3aMeTHM, 'ITO B aarerpane, oripe,neJIjIIQllleM raMMa-<pyHKll;HIO, npenenu 
HHTerpHpOBaHIDl <pHKCHpOBaHbI. B HenOJlHOiF ZaMMa-f/JyHlcllUU norrycxaerca, 

'lT06blBepXHHH HJIH HH)I(HHH npenen HHTerpHpOBaHIDl 6bIJI nepesreaasra. 

HenoJIHYIO raMMa-<PYHKll;HIO qaCTO 0603HaqaIOT KaIC raMMa-<PYHKUHIO OT ,nBYX 

aprysrearos: 

r(a,z)= ftZ-'e-tdt (4.2) 
o 

raMMa-<PYHKll;HJI ,nH<p<pepeHn;HPyeMa 6eCKOHeqHOe qHCJIO pas, MO)l(eT 

6bITb npencraaneaa B sane: r(x)= psi(X).r(x), rne psi(X) 'lacTO HaJLIBaIOT "ncu 
f/JyHKllUeiJ" HJIH oU2ClMMa-f/JyHKflUU. 

38 

4.4. CPYHKll;HH XeBHcai!:.na H ,l);HpaKa	 : ! 

l1>yHKllHll Xeaacaana H(x) - no cnenaanssas MaTeMaTH'leCKlllI cPYHKIlHll, saaxeaae, 
! .xoropon paBHO HYlIIO ,l\JllI oTpHIlaTeJIbHbIX apryxearos H e,zumHIle ,l\JllI IIOJIOlKHTeJIbHDIX I; 

apryaearoa: ," 
0, x<o i 

ii 
H(x)=	 0,5, x=o (4.3) 

I, x>o1 
I!>yHKIlHIOH(x) Ha3hI1lll1OT enre MHHH'lHOH crynessaroa 4>yHKllHeH HOO cryrrensxoa 

IIOJIOll(eHIUI, pHc.4.2. l1>yHKIlHJllllRpOKO HCnOJIb3YeTCli B MaTeMaTH'lecKoM annapare reopaa 
ynpaBJIeHIUI H 06pa60TKe CHmaJIOB ,l\JllI npeJlCTaBJIeHHlI CHmaJIOB, BKJIIO'lalOIllHXCli B 

onpe.11eneHHblA MOMeHT H oCT3IOIllHXCli BKJIIO'll!HHblMH IIOCTOllHHO. Ha3BaRa B 'leCTb 
aRrJIHHCKOro yqeHoro-caMoyqKH OJIHBep XeBHCa.HJI. qame scero HeBWlCHO, K8lCOe 3Ha'leHHe 

cPyHKIlHll IIpHHHMaeT B ayne (H(O)). 

PHc.4.2. EJlHHH'lHlllI cPyHKllIUI Xesacaaaa 

Onaaep XeBHCa.HJI (aRrJI. Oliver Heaviside, 1850 - 1925) • 

aRrJIHiiCKHH yqeHbIH-caMOylJKa. Mexny 1880 H 1887 rOJlaMH 
pa3pa6aThIBaJI onepannosaoe HClJHCJIeHHe (OH BBeJI 0603Ha'leHHe 

"D " nns JlH4>cPepeHIlHaJIbHOrO oneparopa), MeTOJI pemenas 
JlH4>4>epeHnHaJIbHblX ypaBHeHHH C noaomuo caeneaas K 
o6bIKHOBeHHbIM aJIre6paR'leCKHM ypaBHeHHlIM, KOTopbIH no 

uaxany Bbl3BaJI 6yPHYlO nOlIeMHKY H3-3a OTCYTCTBHlI crpororo 

060CHOBaRHlI. Torna OH npoasaec H3BeCTHYIO cPPa3Y: 
«MaTeMaTHKa ecrs aayxa 3KCnepHMeHTaJIbHlllI, onpenenenas 
nOllBlIlIIOTCli nOCJIeJ\HHMH». 3'1'0 6bIJIO OTBeTOM aa KJlHTHKY sa 
HCn0JIb30BaHHe ern;!! He snonne onpeJleJIeHHbIX oneparopos. 

HeCMOTpli na TO, 'ITO XeBHCa.HJI 60JIblllYJO.'laCTb lKH3HH6b1lI He B 

O,S 

y 

o 

nanax C HaY'lHbIM C006IlleCTBOM, ero pa60TbI H3MeHHJIH 06JIHK MaTeMaTHKH R 4>R3RKH 

saaorae ronsr. 

)J.HCKpeTH8JI <popMa 3anHCH <PYHKll;HH Xeaacatina OT ,nuCKpeTHoro aprysrenra n	 ., 
I;'

MO)l(eT 6blTh onpeneneaa cne.nyroIn;HM 06paJOM: 

o n « ° 
H[n]= {I: n~O	 (4.4) 

r,ne n - uenoe '1HCno.
 
)J.mr 60nee y,no6Horo acnomaosaaaa <PYHKUHIO Xesacakna MO)l(HO
 

armpcxcxxaposars C nOMOIn;bIO aHaJIHTH'leCKOH <PYHKUHH: 
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1 1 1
H(x)"'-+-thkx=-- (4.5)

2 2 l+e-2tr 
' 

rne 60JIbmeMY 3Ha'leHHIO k COOTBeTCTByeT 60JIee KpYTOH rrO,ll'beM cPYHKQHH B 

TO'lKe x = O. ECJIH rrpHIDITb H(O) = 0,5, TO (4.5) MO)KHO3aIIHCaTh B npezrensaoa 

cPopMe: 

li I "'J 1 -~rd 
.~ 2m ...,f+lf:

H()x =- 1Il1-. --.-e f, (4.6) 

B 1930 rozty aHrJIHHCKHH cPH3HK ITOJIb Anpaea MOpHC ):(Hpax BBeJI TaK 

aassmaeayro ,lleJIbTa-cPYHKUHlO, KOTOpWi BblXO,llHJIa ,llaJIeKO sa paMKH 

xnaccnsecxoro onpenenenas cPYHKUHH. <1>YHKUIDl ):(HpaKa rr03BOJUleT 3aIIHCaTb 

rrpocTpaHCTBeHJIYIO IIJIOTHOCTb cPH3lfl1eCKOH BeJIH'lHHbI (Macca, sapaa, 

HHTeHCHBHOCTh HCTO'lHHKa renna, CHJIa H T. n.), COCpe,llOTO'leHHOH HJIH 

rrpHJIO)KeHHOH B O,llHOH rosxe. 3Ta cPYHKUIDl rr0JIY'iHJIa 0603Ha'leHHe ii­
4lYHKUHH H onpenenserca CJIe.z:lY!OlI.(HM 06paJOM: 8(x)=0 rrpH xtoOH 8(x)=oo 
npa x =0, H xpove roro 

+<0 

fo(x),it = 1 (4.6) 

CJIyqW% (4.6) - HaJbIBaIOT «6ecKOHe'lHblH BCrrJIeCK» «e,llHHH'lHOH 

HHTeHCHBHOCTH». . 

113 sroro onpenenenaa CJI~eT OCHOBHoe C~OHCTBO 4JYHKUHH):{npaKa 

...., 
fqy(x )8(x),it =qy(O) , (4.7) 

xoropoe HMeeT MeCTO AJIj{scex aenpepsransrx cPYIIKIWH qy(x). 

I10nh Anpaea MOpHC ~PWc (aarn, Paul Adrien Maurice Dirac, 1902· 
1984), aHrHHHCKHH cPmHK, O,lIHH H3 C03JJ;aTeneH TeOpeTH'IeCKHX OCHOB 

KBaHTOBOH MeXaHHKH. YJJ;OCTOeH B 1933 r. (COBMecTHo C 

3.lIIpeJJ;HHI'epoM) Hofienescxoa npevaa no cPH3HKe 3B C03JJ;aHHe 

KBaHTOBOH MexaHHKH. Hamen cnoc06 BhIpa3HTh mo6oe HaTYPaHbHOe 

'IHCnO acero nHllIh sepes TpH JJ;BOHKH H MaTeMaTH'IecKHe onepanaa. 

<I>YHKUHIO ):{HpaKa 06bI'lH0 HaJblBaIOT KaK ,lleJIbTa-cPYHKUHSI, HO 

BCTpeqaIOTCSI H npyrae ee HaJBaHIDI: O-cPYHKUHSI ):{HpaKa, ,llHpaKOBCKWI ziensra, 

E,llHHlfll:HWI HMrrYJIbCHWI cPYHKUHSI. <1>H3lfl1eCKWI mrreprtperauaa cPYHKQHH 

):{HpaKa 3aKJIIO'laeTCjI B cnenyiomea, Hanpaaep, eCJIH B6JIH3H 3apjI)KeHHOH 

TO'lKH none 6eCKOHe'lHO, TO pjl,[lbl Teilnopa .z:lJUI aroro nons He CXO.z:ljlTCjI, 

40 

rr03TOMY saonar cneuaansnsre cPYHKUHH. O,llHOH H3 TaKHX cPYHKUHH H SlBJUleTCSI I 
,lleJIbTa-cPYHKUHSI. ! : 

):{eJIbTa-cPYHKQHSI nonysaercs H npa BbI'lHCJIeHHH aarerpana <1>ypbe OT I
KOHCTaHTbI: i,j 

.'
a) " 

ipx Je dp = 27l"l5(x). 
!i 

(4.8) 
-a) 

ITepBo06paJHOH cPYHKUHeH ,[lJUI ,lleJIbTa-cPYHKUHH ):{HpaKa jlBJISleTCjI cPYHKQHSI 

Xesacaana, H(t)=t5(t). 3TOT cPaKT MO)KHO 3aIIHCaTb KaK: 

H(t) =
I

Io(x),it , (4.9) 
-a) 

XOTSI 3TO ssipaxeaae He SlBJUleTCSI MaTeMaTH'leCKH TO'lHbIM. 

Ha pHC. 4.3 npencrasnea rpadiax, oT06pa)KaIOITlHH cTpeMJIeHHe 

ycsopeaas B 6eCKOHe'lHOCTb npa MrHOBeHHOM natiope CKOpOCTH. B 06meM 

cnysae ycxopeaae npa ynape MO)KHO 3aIIHCaTb KaK a(t) = v8(r - ta)' 

.: 
I,

al') 

PHcA.3. fpacPHK cPYHKUHH ):(HpaKa 

"
 

3aMeTHM, 'ITO cPYHKUIDl ):{HpaKa OTHOCHTCSI K xnaccy TaK aassraaexsrx 
0606meHHbIX cPYHKUHH, xoropsre aa 3arra,lle HaJbIBaIOT pacnpezieneaaa. B 
rrOHSlTHH 0606meHHOH cPYHKUHH naxonar OTpa)KeHHe TOT cPaKT, 'lT0 peansao 

HeJIb3j1 H3MepHTb aaaxeaae cPH3H'leCKOH BeJIH'lHHbI B TO'lKe, a MO)KHO H3MepHTb 

JIHlIIb ee cpemnre 3Ha'leHIDl B MaJIIrIX OKpeCTHOCTSIX ,llaHHOH TO'lKH. TaKHM 

06paJOM, TeXHHKa 0606meHHbIX cPYHKUHH CJI~HT y,ll06HbIM H a,lleKBaTHbIM 

annaparoa ,[lJUI onacaaas pacrrpenenemnl PaJJIH'lHbIX cPH3H'1eCKHX BeJIH'lHH. 

IT03TOMY 0606meHHble cPYHKUHH H rrOJIyqHJIH HaJBaHHe pacnpeneneaas. 
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4.5. Hnrerpaa «I»YPbe 

Ilpa H3)"1eHHH BOJIHOBbIX ypaaaeaaa B03HHKaeT Heo6xoltHMOCTb B pll3JIOllCeHHH 

<PYHKIlHli B PJl,llbI l1>ypbe. Ilpa HHTeI1lHPOBSHHH yp8BHeHHli TeIIJIOnpOBOltHOCTH B HeKOTOpbIX 

CJI)"IBJIX rpeoyerc» HCnOJIb30BaHHe HHTeljl8JIa l1>ypbe, KOTOpbiH MOllCHO paCCMaTpHBaTb KaK 

o606meHHe paaon l1>ypbC [10]. B CBJl:3H C 3THM paccaorpaa OCHOBHbIe nOHJl:THJl: HHTeljl8JIa 

l1>ypbC. 

)KaH baTHCT )Ko3e<p l1>ypbe (Jean Baptiste Joseph Fourier, 1768 ­
1830), <ppaHll)'3CKHH: MaTeMaTHK H <pH3HK. B MOHOljla<pHH 

«AHaJIHTHQeCKaJl: TeOpHJI renna» .n8JI BbIBO.n yp8BHeHHlI 

TenJIOrrpoBOltHOCTH B TBep.noM TeJIe, H paspafiorxy MeTO.nOB ero 

HHTerpHpOBaHHJI npa Pll3JIHqRbIX rpaaaxasrx yCJIOBIIJl:X. Meron l1>ypbC 

COCTOllJI B npeztcraanenaa <PYHKIlllli B BH,lIe rparoaoaerpasecxax 
paaoa l1>ypbe. HaIIli!JI <pOpMyJIY npencraaneaaa <P)'HKUJIH C nOMOmbIO 

HHTeljl8JIa, IIljlalOIJIYIO BlIJKHYIOPOJIb B cospeaeaaoa MaTeMaTHKe. 

KaK H3BeCTHO, JIIo6yro nepaozrasecxyro <PYHKQHIO f{x), KOTOpaH 
y):{OBJIeTBOpHeT ycnoBIDIM l{HpHXJIe6

, MO)l(HO upencrasars 
TpHroHoMeTpHlfeCKHM pH):{OM (J>ypbe: 

ao ~( ksx . k7tX)f () ak cos-+bk sm-.-. (4.10)X =-+ LJ 
_ 2· k~l / /' 

rne K03<P<PHQHeHTbI'pH):{a onpenenmorcs <poPMYnaMH 

«. =! 
JJf{u)coskJlU du (k = 0,1,2,...)

/ 
-I 

/. , 

(4.11) 
J '. 

b, ~ 7ff{u )sin k"( du (k = 0,1,2,...). 
-J 

PHon (J>ypbe (4.10) MO)KHO paccaarpasars KaK <popMYny WIJI pa3JIO)l(eHIDI 
nepaomrsecxok <PYHKQHH (nepaon paBHHeTcH 21) aa rapuoaa-recxae 
KOMrrOHeHTbI (aa cyMMy rapsroaax) , qaCTOTbI KOTOpbIX npencraansior 

):{HCKpeTHyro COBOKyIIHOCTb 3HaqeHHH !!.., 2!!.. ,3!!.. ... 
1 1 1 

Hrax, aarerpan <l>ypbe npencrasnser C060H <pOpMyny WIJI pa3JIO)l(eHIDI 
aenepaoaasecxoa <PYHKQHH na rapvomrsecxae KOMrrOHeHTbI C nenpepsrsaoa 

6 [OBOpllT, 'ITO cjlyHKUHll f{x )yAOBJleTllOp.eT B HHTepBaJIe (0 .b) YCJIOBHOM ,lI.HpHXJle. eCJlHOHa aenpepusaa B 

)TOM HHTepBaJIe HJlH HMeeT orpatersesxoe KOJlH'lecTIlO paspusoe nepsoro POAa, a T3IOKe KpOMe sroro HMeeT 

orpaaasenaoe KOJlH'lectllO MaKCKMyMoB H MHHHMyMOBB 3TOM HHTepBaJIe:' 

42 

COBOKyIIHOCTbIO qaCTOT. ECnH <PYHKllHH f{x) y):{OBJIeTBOpHeT aa Ka~OM 
OrpaHHqeHHOM OTpe3Ke ycnOBHHM l{HpHXJle H a6COnIOTHO 

eo 

aarerpapyeua ~f{x~ < <:J:) , TO ):{JIH aarerpana cnpasezmaao paBeHCTBO 

f(x)= 

<Xlna(A)COSAx +b(A)sinAx}iA , (4.12) 
o 

rae K03<p<PHllHeHTbI HMeIOT BH):{ 

1 <Xl 

a(A) =--; f f(u )COSAU du , (4.13) 
-<Xl 

1 .<Xl 

b(A) = 7t ff(u)sinAudu. (4.14) 
-00 

CpaBHeHHe <pOpMyJI (4.13), (4.14) H (4,11) rroxassreaer, qTO narerpan 
(J>ypbe (4.12) ecrs o606IqeHHe pazra <l>ypbe (4.10). B cnyxae aarerpana (J>ypbe 
qaCTOTa l rrpHHHMaeT nenpepstsasre 3HaqeHIDI OT 0 ):{O 00. 

I1HTerpllJI (J>ypbe xame 3arrHCbIBaIOT B60nee KOMllaKTHOM BH):{e 
1 <Xl <Xl 

f(x)=- fdA ff(u)cosA(u-x)du. (4.15)
"0 -«> 

(J>opMYny (4.15) MO)KHO paCCMaTpHBaTb KaK npenen <popMYnbI pana 
(J>ypbe (4.10) ):{nH <PYHKllHH C nepaonou 21, xorna 1~ <:J:). llTo6bI B 3TOM 
y6e):{HTbCH, noncraaax 3HaqeHHH K03<P<PHllHeHTOB ak H b, (4.11) B (4.10): 

1 J 1 J k<Xl 

f(x)=- ff(u)du +L-ff(u)cos~(u -x)du. (4.16)
2/~ k~ /~ / 

TaK KaK <PYHKQHH f{u) a6COnIOTHO anrerpapyeaa, TO 1~ 
IJf{u)du HMeeT npezten 
-I 

anpa 1~ <:J:) nepssra qneH CYMMbI B (4.16) CTpeMHTCH K HynIO. IIo3TOMY ):{nH 

moooro <pHKCHpoBaHHoro X HMeeM 

, , 

co 1 J k 
f(x) =limL-ff(u)cos~(u -x)du. (4.17) 

J-+<Xl k=1 / -J / 

QTo6bI HaHTH npeaen, 3arrHIIIeM 

1 -,. A _ 27t A_ ktr 
k --- (4.18)"1-/,2-/"" / 
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Ii 
OTClO.na L\,1,k = ,1,k+1 - ,1,k = T.
 
Torna, HCXO.nll H3 (4.17), CyMMy B (4.18) MO:lKHO 3aTIHCaTb B BH,ne
 

I 1 I<X> - Jf(u)cos2k (U - x)du . 
k=1 I_I 

_ = L\At TOTaKKaK 
7! 

1 eo I-l>UkJf(U)COSAk(U-X)du. (4.19) 
7! k=1 _I 

Bsrpaxenae (4.19) HarrOMHHaeT HHTerpanbHYIO CYMMy ,l\JIJI $yHKUHH 

nepeMeHHoH A 

1 I 

- Jf(U)COSA(U -x)du. 
7! _I 

Ilpaxex, HHTerpaJIbHaJI cyMMa B (4.19) ·CO.nep:lKHT TOJIbKO cYMMY 3HatIeHHH At: 
Ecna rerreps .nOnyCTHTb, tITO I ~ ao, TO !f>0pMyJIa(4.19) npaaer BH.n (4.15) 

f(x)=-lldA Jf(U)COSA(U-X)dU. 
7!o --00 

3aMeTHM, 'iTO 60nee crpcraa BbIBO.n $opMynbI aarerpaaa <l>ypbe npaaonarcs B 

xypce MaTeMarnqeCKOrO aaanasa. 
B 3aKJIIOtIeHHe 3aMeTHM, tITO nocxonsxy. COSA{U - x) tIeTHaJI $YHKUHX 

oraocarensno A, TO paanoacenae $yHKUHH [(x) B aarerpan <l>ypbe (4.15) 

MOlKHO 3lUIHcaTb TaK: 

1 cc '" 

f(x) = 27! JdA Jf(U)COSA(U - x)du (4.20) 
-«I -IX) 

HnH 

'" 
f(x)= fia(A)COSAx + b(2)sinAx]d2 , (4.21) 

r.ne 
1 1<X> <Xl 

a(A) = - !f(U)COSAUdu b(A) = 27! -!f(U)SinAUdU. (4.22)
27! ' 

-<X> 
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rJlABA 5. YPABHEHHJI IIAPAliOJIIflIECKOrO THIIA 

YplUmeHHJI napaeomrsecxoro nina, KaK 6bIJIO CKa3l1HO BbIIDe, tIa~e 

BCTpetIaIOTCli B aanasax npa H3YtIeHHH npoueccos TenJIOnpoBO.nHOCTH H 
,Il;H$$Y3HH [11]. 

5.1.YpasHeHHe ~BclJclJY3HH 

ECJIH KOHueHTpaUHlI pacrsopa B .naHHOM 06'beMe He lIBJIXeTCX 
~.h:· 

nOCTOllHHOH BeJIHtIHHOH, npoacxonar .nH$$Y3HlI BeIQeCTBa OT MeCTa C 
60m,WOH KOHueH1paUHeH K Mecry C MeHbweH KOHueHTpaUHeH. TIonytIHM 

ypasaeaae ,lIH$$Y3HH .nnx cnysaa .nH$$y3HH cona B aone, nYCTb cons 
3aHHMaeT xacrs UHnHH.npHtIeCKOH rrp06HpKH' H .nH$$yH.nHpyeT B sozte, 
pHc.5.1. KOHueHTpaUHlO B npOH3BonbHOM nonepesaov CetIeHHH x B MOMeHT 

t 6y.neM CtIHTaTb HeKOTopOH $yHKUHeH BH.na u(x,t). 

PHc.5.l. Ilanaanpaxecxas rtpofiapxa C 

consro ~ 
X X.dx X 

Cornacno saxony Hepncra, Macca conn, KOTOplUl npomna aa BpeMli dt 
xepea nonepesnoe ceseaae x Tpy6KH passa 

fludQ =-D-Sdt 
. x ax ' 

rae D - K03$$HUHeHT .nH$$y3HH, KOTOpbIH CtIHTaeM nOCTOXHHbIM, S ­
nnomazts nonepexaoro CetIeHHlI. Cornacao 3ToMy :lKe saxoay, xepea 
3neMeHTapHbIH cnoH x + fix sa BpeMli dt npoxonar Macca . 

j au a2
u )

dQx+dx =-.......l ax + ax2 dx Sdt ,
 

YBenHQeH!ie KOnHtIeCTBa cona B 3neMeHTapHOM 06'beMe (x,x+fix) aa BpeMli 

dtcoCTaBnlleT 
'... (}2 U 

dQ = dQx - dQx+dx = D -2Sdxdt . 
Ox 

YBenHtIeHHe KOnHtIeCTBa conn npasonar K H3MeHeHHlO KOHueHTpaUHH 

pacrsopa BO BpeMeHH, TO ecrs 
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dQ= au dtSdx 
at 

Ilpapasaaa npassre '1aCTH ,LlBYX 110CJIe,LlHHX Bblpa)l(eHHH rrOJIy'lHM 

au= Da2U 
(5.1 )at f)x2 

YpaBHeHHe (5.1) onacsrsaer npouecc ,LlH<P<PY3HH COJIH B BO,Lle co apeaeaesr, 

HepHCT (Nernst) Bam-rep <I>pH,LlpHX I'epxan (1864· 1941) - HeMel.lKHIl: 

cPH3HK H XHMHK. AllTOP rpersero aasana repMO.llHHaMHKH 

iIlpupaiqenue snmponuu npu u6COJllOmHOM uyne meunepamypu 
cmpeuumcs K KOHe'lHOM)' npeoeny, He 3U6UCJlU4eMY om m020, 6 KUKOM 

pU6H06eCHOM COCmOJlHUU HUXOOUmCJl cucmeMU). Pa60Tbl Hepacra IIO 

.llHcPcPY3HH II03BOJIHJIH KOJlH'IeCTBeHHO cassars CKOPOCTb .llHcPcPy3HH 

paCTBopeHHbIX aeurecrs, ::meKTpOIIpOBO.l\HOCTb H OCMOTH'lecKoe 

naaneaae, 'ITO llBHJlOCb OCHOBOH ero reopaa 3J1eKTpo.llBHlK)'Il.lHX CHJI B 

pacrsopax C J10KaJIbHbIM H3MeHeHHeM KOHl.leHTPlll.\HH. (1889). A. 
3iiHIDTeHH Ha3BaJI Hepucra "O.l\HHM H3 HaH6011ee xapaxrepasrx H 

HHTepecHbIX yseaux, 0611a,l\aIOIl.\HX oseas pe,ll;KOH: 06beKTHBHOCTbIO, 

y.lla'IHbIM IIOHHMaHHeM HaH60Jlee BaJKHOrO, reHHaJIbHOH CTpacTbIO K II03HaHHIO 

HeBe.llOMOrO" . 

5.2.YpaBHeHHe rennenpoaonaocra 

AHaJIOrH'IHbIH. BH.n HMeeT ypaBHeHHeTerrJIonpoBO,LlHOCTH (3.2) ,LlJUI 

JIHHeHHOfo O,LlHOP0,LlHOro crepscas 

er 2 a2T 
-=a -- (5.2)at 81 2 , 

rae U =' fT, a k - Ko~<p<pImHeHT TellJIOnpOBO,LlHOCTH, C - Tel1JIOeMKOCTb, p-
V~ 

llJIOTHOCTb MaTepHaJIa CTep)l(HJI. IIpH 3TOM' C'IHTaeTCJI, 'ITO 60KOBaJI 

nOBepXHOCTb CTep)l(WI TerrJIOH30JIHpOBaHa H Tel1JIOBbIe HCTO'lHHKH BH)'TpH 

crepxas OTCYTCTByIOT. 

YpaBHeHHe TellJIOrrpOBO,LlHOCTH (5.2) MO)l{HO 0606mHTb ,LlJlJI CJIY'laJI, 

KOf.L\a cymecraytor rennosste HCTO'IHHKH, TO ecrs HMelOTCJI MeCTa, B KOTOPbJ)( 

Bbl,LleJIJleTCji HJIH 110fJIOmaeTCJI TenJIOTa. ,I:(.IDI xapaKTepHCTHKH TaKHX TeIJJIOIlblX 

HCTO'lHHKOB BBe.L\eM HeKOTOpYIO <PYHKI.\HlO F(x,y). Flyers aa Y'lacn<e crepans 

(x,x+6x) BO BpeMeHHOM HHTepBaJIe (t,t+&) BbI.L\eJIJleTCQ AQe.L\HHHI.\ renna. 

ECJIH cyuiecrayer nexoropsra npenen 
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F(x,y) = E~O~M' (5.3) 

M-.O 

TO ero Ha3bIBaIOT eJlyHKUHeii TenJlOBblX HCTO'lHHKOB. 

ECJIH <PYHKI.\HJI HCTO'lHHKOB saaaaa, TO COfJIaCHO C (5.3) KOJIH'IeCTBO 

renna, Bbl,LleJIHBweroCji na 3JIeMeHTe I'u sa speser IiJ C TO'lHOCTbIO .L\O MaJIbIX 

60JIee BblCOKOro nopanxa, pasaserca 

AQ = F(x,y)AxAI. (5.4) 

IIpHMep 5.1. IIpH npOxO)l(.L\eHHH nOCTOJIHHOfO 3JIeKTpH'IeCKOfO TOKa sepes 
MeTaJIJIH'IeCKHH crepxeas COfJIaCHO saxoay ,l:VKoyJIji - Jleaua BbI.L\eJIHTCji 

renno AQ = [2 Rl'uIiJ. rne 1 - CHJIa TOKa, R - corrpOTHBJIeHHe crepzcas. Torna B 

:)TOM CJIY'lae <PYHKI.\fIji TerrJIOBbIX HCTO'lHHKOB HMeeT BH.L\ 

F(x,y) = 12R = const . 

IIpH HaJIH'IHH TerrJIOBbIX HCTO'lHHKOB ypasaesae (5.2) HMeeT BH.L\ 

2et -a2 aT +g(x,t), (5.5)at- at 2 

F(x,t) 
rne g(x,t) = cpS ; S -llJIOma,Llb nonepesnoro ceseaas crepxaa, 

YpaBHeHHe TerrJIorrpoBO,LlHOCTH (5.5) npa HaJIH'IHH TellJIOBbIX HCTO'lHHKOB 

xanserca HeO,LlHOpO,LlHbIM. 

5.3. HS'IllJIbHble H iepaeesre YCJIOBHB 

Haxansnsre YCJIOBfIji aaztasa CBO):\jiTCji K 3a,LlaHHlO resmeparypsr BO scex 
TO'lKaX x no ,LlJIHHe crepsars B MOMeHT BpeMeHH t = O. B 3TOM cnysae 
Ha'laJIbHble YCJIOBfIji HMelOT BH,Ll 

T(x,O) = f(x) , (5.6) 

rne f (x) - sanaaaas <PYHKI.\fIji. 
I' 
I' 

Kpaeaste YCJIOBHji saaarorcs ,LlJIJI KOHI.\OB crepscaa: x = 0 (JIeBblH KOHeI.\) H 

x = I (npaastii KOHeu). COfJIaCHO 3aKoH)' HbIOTOHa, sepea npaasrii KOHeI.\ 

CTep)l(HJI B oxpyxaroutyio cpe.L\y sa BpeMJI IiJ BbI,LleJIHTCji cnezrytouree 

KOJIH'leCTBO TerrJIOTbI 

hl(T -T1)sM, (5.7) 
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rne 1; - rexrreparypa ospysearonrea cperrsr npasoro KOH~a CTep)KIDl, KOTOplUI. 

MO)KeT 3aBHCeTL OT BpeMeHH. 3aMeTHM, qTO KOJIHqeCTBO TeIIJIOTLI, 

BLI,neJUIlOmeeCR qepe3 ceneaae CTep)KHH aa ero KOH~e, MO)KeT 6LITL TaK)Ke 

onpeneneao H aa OCHOBaHHH 3aKOHa <1>ypLe 

_kaTI SbJ. (5.8)ax x=/ 

Ilpapasasa BLIpa)KeHIDI (5.8) H (5.7), nonyqHM 

_kaTI =h1[T(1,t)- lJ (5.9)ax x=/ 

AHaJIO~HOaanamesr mur nesoro KOH~a CTep)KIDl 

- k aTj == ho[T(O,t)- ToJ. (5.10)ax x=o 

Kpaessre ycnoaas (5.9) H (5.10) 3aIIHCaHLI ,nnR ofiutero cnyxaa, xoraa y aeaoro 
H npasoro KOH~OB crepxas Pa3JIHQHLIH BHellIHHii resmeparypasra pe)KHM. 

II03!oMY B BLlpa)i(emuIX KOHCTalrrLI ho' hI' To, 1; HMeIOT pa3nHQHLIe HH,neKCLI. 

IIpH npyrax crryaasx, xpaessre yCJIOBIDI M0rYr 6bITL HHLle. HaIIpHMep, 

npaBLIH KOHeu; CTep)KHj! MO)KeT HaxO,nHTLCR npa nOCTOHHHOH TeMneparype To, 
rorna T(l,t)== To, a MO)KeT ncrrycxars rennory no 3aK0HY Crepaaa ­

bOJILIJ;MaHa H T. n. 

rJIABA 6. PEWEHlIE HEKOTOPbIX 3AMl{ TEllJIOTEXHlIKU, 
HMEIOIIJ;DX 3HA1.J:EHlIE,ltIDI lIPAKTIlKII 

B rnase paccaarpasarorca saztasa pacnpeneneaas rexneparypsr npa 
narpese H OXJIllJK,neHHH B CTep)KHe, a TaK)Ke TOHKOH nJIaCTHHe. Pemeaaa 3THX 

3a,naqa norryseasr B aHaJIHTHqeCKOM sane, TO eCTL B sane <poPMYJI [10]. 

6.1. CTaQHOHapHoe pacnpeneneaae TeMnepaTYpLi B npHMoyroJlbHoM 6pyce 

PaCCMaTpHBaeMlUI saaasa <pOpMyJIHpyeTCR TaK: oztaa H3 rpanea 
MHHHOro npsaoyroneaoro 6pyca (PHC. 6.1) nOMep)KHBaeTCR npa 3a,naHHOR 

reaneparvpe, aa OCTaJILHLIX rpansx r = 0;. HaRTH YCTaHOBHBIIIYIOCR 

resmeparypy B npOH3BOJILHOH TOqKe BHyTpH 6pyca. 

" 

PHc.6.1. feOMeTpHQeCKHe passrepsr 6pyca 

113 CHMMeTpHH 6pyca RCHO, qTO ressneparypa OT 1 He 3aBHCIIT H qTO MO)KHO 

orpaH~TLCR paCCMOTpeHHeM CeQeHHH B nJIOCKOCTH XOY. 3a,naQa COCTOHT B 

onpezteneaaa <PYHK~HH T = T(x,y), ynoanersopsrometi 

.a2T a2T 
tJ.T =ax2+ 0'2 =0 (6.1) 

H .nBYM napax KpaeBLIX ycnosaii: 

~x=o =0, TLa =/(y); (6.2) 

TI =0 TI y=b =0 • (6.3)
y=O ' 

KaK 06LI'fH0, HIlleM peIIIeHHe B saae: 

(6.4) .T(x,y) == X(x)Y(y). 

.lVi<p<pepeHUHpyR (6.4) ,nBllJK,nLI no x H y H no,nCTaBJIHR B (51), nonyaaea: . 

.
 
XY+XY=O, 

rne TOqKa 0603HaQaeT npoH3Bo,nHYIO nepsoro nopanxa. 
1 

YMHO)KlUI nocneznree pasencrso aa xy' pa3,neJIHM nepeaenasre: 

. . 
X Y 
-=-­
X y' 

npHXO,IUiM K. 06LIKHOBeHHLIM 

Ii
 
Ilpapasaasas 06e qaCTH nocToRHHOH ..i?,
 
JIHHeHHLIM ,nH<p<pepeHIJ;HaJILHLIM ypaBHeHHRM: 

(6.5)X-A2X =O, 
; ~1f-

I Y+A2y =O. (6.6) 

Penreaae ypaBHeHIDI sana (6.5), KaK H3BeCTHO, 3aIIHCLIBaeTCR B aane: 
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"":':' 

~ .' 

Y(y) =CCOSAy +Dsin Ay . (6.7) 

llTO KaCaeTCjI ypaBHeHIDI (6.6), TO ero penrenae, KaK H3BeCTHO, OTJlJf'iaeTCjI 

TOJIbKO reM, qTO BMeCTO TPHrOHOMeTpHqeCKHX <PYHKIJ,HH OHO CO,lJ,ep>IGiT 

.rnnep60J]HqecKHe <PYHKlUfH: 

X(x)= AchAy + Bshky , (6.8) 

Bbl6epeM reneps nocroanasre A, B, C, D H A. TaK, qTo6bl y,lJ,OBJIeTBOpHTL 

rpaHJf'iHblM YCJlOBHjlM (6.2) H (6.3). Y,lJ,06Hee nasart, C (6.3) KaK 60Jlee 

rrpOCThIX. I1TaK, 

Y(o)=C=o. 
CJle,lJ,OBaTeJlLHO, 

Y(y) = DSinAy. (6.9) 
HanmKHB sropoe rpaaasnoe YCllOBHe rro y: 

Y(b) = DsinAb =0 

rrpHXO,lJ,HM K BLIBO,lJ,Y, qTO 

lJJ =n71, me p = 1,2,3'00' 

Orctona 
7l

A =n-. 
" b 

TIO,lJ,CTaBJlj{j{ :JTH nacxpernue 3HaqeHHjI rtapaxerpa A B (6.8), nonysaea 
MHO)l(eCTBO <PYHKlUfH x(x) aa r(y): 

nnx . ·-mlX 
X" =A"chb +B"shb ' 

YD' n1Q1
• = -rt: 

TIepeMHO)l(HB reneps X. (x) na r.(y), HaxO,lJ,HM cOBoKYrrHocTL <PYHKWiH 

T.(x,y), Y,lJ,OBJIeTBOpjlKHIJ;HX ypaBHeHHIO (6.1) H KpaeBblM YCJlOBIDIM (6.3): 

nnx n1lXJ . n1!)lTn (x,y)= M"ch-+N sh- Sffi- (6.10)( b n b b . 

Teneps OCTanOCL y,lJ,OBJIeTBOpHTL YCJlOBHXM (6.2). Ho nepsoxy H3 HHX, a 

HMeHHO rt., = 0, Mbl Cpa3Y )l(e y,lJ,OBJIeTBOpHM, rrOJIO)l(HB M. = o. TaKHM 

06pa30M, cOBoKYrrHocTL <PYHKIJ;HH: 

T" = N"sh n1lX sin n1cy (6.11)
b b 

Y,lJ,OBJIeTBOpjleT He TOJILKO ypaBHeHHIO (6.1), HO H TPeM (HyJleBLIM) xpaessrx 
YCJIOBHJIM. llro6bl Y,lJ,OBJIeTBOpHTh rrOCJIe,lJ,HeM)' rpaHHqHOM)' YCJIOBHIO 

TI.=a = f(y) , COCTaBHM 6eCKOHeqayro cYMM)': 

co nux n7!Y 
T(x,y) = 'L.,Nnsh-sin- (6.12) 

,,=1 b b 
H nO,lJ,6epeM KO:J<p<pHIJ;HeHTLI N; TaKHM 06pa30M, qTo6LI pan npa x~a 

CXO,lJ,HJlCjI K <PYHKIJ;HH l(y): 

T I = LNnshmrn.sin n7!Y =/(y) 
xea n b b. . 

nJlJ1 
Orctona BIi,lJ,HO, qTO nocroaansre MHO)l(HTeJIIi N"sh b ,lJ,Oll)l(Hbl jlBJUITLCjI 

KO:J<p<PIiIJ;HeHTaMli in pa3JIO)l(eHHX B paa <I>ypLe <PYHKIJ;HIi 1(Y) rro CHayCaM: 

n1Tl1 
N sh-=f". 

" b 
Orcrona 

N = In (6.13)" ­n1Tl1 ' 
sh 

b 
r,lJ,e 

b 

I" =i II(y) sin m: dy. 
o (6.14) 

TIO,lJ,CTaBJIj{j{ 3HaqeHIDI KO:J<p<PIiIJ;HeHTOB N; B pjl,lJ, (6.12), nonysaev 

OKOaqaTeJILHO: 

'" sh n1lX 

T(x,y) = Lin __b-sin n1Q1 . (6.15) 
.=1 sh nlll1 b 

b 

TIOJIarM, KaK no 06LIqHO 6LIBaeT, qTO :JTOT paa CXO,lJ,HTCjI ,lJ,OCTaTOqRO 

XOpOIIIO, MO)I(HO yraepsciars, qTO ero CYMMa Y,lJ,OBJIeTBOpjleT scex YCJlOBIDIM 

3a,lJ,aqH H aanaercs ee peIIIeHHeM. Ecna rerreps onpenemrrsca C BH,lJ,OM 
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<PYHKI.{lUI j(y) , TO MO:>KHO nOCTpOHTh rparpnx JIHHHH ypOBHeH TeMneparypbl 

BHyTpH 6pyca. Otimee peureaae nonyxaercs H3 qaCTHbIX pemeaaii (6.20), He CyMMHpoBaHHeM, 

a HHTerpHpOBaHHeM rro napaverpy A: 
6.2. OXJla~eHHe 6eCKOHe'lHOrO CTep'ICHH 

"" "" 
I1yCTb resmeparypa TOHKoro TeIIJIOrrpOBO,lUioro CTep:>KHR 6eCKOHeqHOH T(x,r)-= JT;.dA= nA(A)cosAx+B(A)sinAxp-;"TdA. (6.21) 

,l\JIHHbI B HaqaJIbHbIH MOMeHT 6bIJIa pacnpeneneaa rro aaxoay: o 0 

I10JIara», 'ITO aarerpan (6.21) CXO,I\RII.{HHCR H ,l\H<p<pepeHiUlpyeMbIH rro xTlt=o= I(x). (6.16) 
H t (aro 06bIqHO HMeeT MecTo), MO:>KHO 6bITb yaepeaasrx B TOM, 'ITO <PYHKI.{HJI T 

) (x, i) y,l\OBJIeTBOpReT ypaBHeHHIO (6.17). Ho pemeane eme ,l\OJIJKHO 
Onpenenaa TeMrreparypy B KIDK,I\OH TOqKe CTep:>KHR B JII060H rroCJIe,l\YIOmHH 

y,l\OBJIeTBOpRTh aaxam.aovy YCJIOBHIO: 
MOMeHT BpeMeHH ) 
t > O. 5[CHO, 'ITO 3TO qaCTHbIH cnyqaH 3a,1\aqH Koura, KOTOpa» CBO,l\HTCR K 

onpeneneaaro <PYHKQHH T (x, r), ynoaneraopsromea ypaBHeHHIO TI T=O= j[A(2) cos Ax+ B(2)sinAx}i2 -= j(x). (6.22) 

et (iT 
(6.17)aT = ax2, OrcIO,I\a BH,I\HO, 'ITO saaaaa CBeJIaCb K paJJIOJKeHHIO rrpOH3BOJIbHOH <PYHKllHH 

ftx) B HHTerpaJI <Dypbe, RBJIjIlOmHHCR 0606meHHeM rrOIDITHR psna <Dypbe. B 
H nasansnoxy yCJIOBHIO (6.16). B ypaBHeHHH (6.17) r =~t . reopaa aarerpana <Dypbe ,l\OKaJbIBaeTCR, 'ITO JII06a» aenpepsranas <PYHKI.{HR 

cp j(x), yaoaneraopmonras yCJIOBHIO 
C <pH3wiecKoH TO'iKH 3peHHR, ::ITa sanaxa aHaJIOIWIHa paCcMOTpeHHoH· B 

rr.6.1 :nOH rJIaBb1 C T.eM OTJIH'iHeM, qTO~,I\eCb HeTrpaHWlHJ>IX yCJIOBHH. 5[CHO "" 
n03ToM)', 'ITO, paJ,I\eJIRR nepesreaasre rro MeTO,l\Y: <l>ypbe, MOJKHO npencraaars JI/(x)~ < 00 , 

pemeaae ypasaeaaa (6.17) B BH,I\e: -00 

MO:>KeT 6bITb npencraanena B BH,I\e aarerpana OT rapMOHHqeCKHX <PYHKI.{HH cosT(x, r) = (AcosAx+BsinAx)e-..fT. (6.18) Ax H sin Ax, qaCTOTa KOTOpbIX A. rrpofieraer aenpepsrsayro COBOKyUHOCTb 

3HaqeHHH:
B cnyxae CTepJKHR KOHe'iHOH ,l\JIHHbI 1 MbI onpenenana H3 rpaHH'IHbIX 

YCJIOB~H nacxperaoe MHO:>KeCTBO B03M02KHbIX' 3Ha'ieHHH napaaerpa A: 
00 

~ 

f(x) = f[!c(A)cosllx + Is (A)sin Ilx]dA , (6.23) 

An -= n 1r o . 
(6.19)

I ' J 
I 1 00 

1«..1)=-
00 

fl(x)cosllxtll Is (A) = - If(x)Sinllxtll
r,l\erae KaJK,I\OMY saaxsy n COOTBeTCTBYIOT aexoropsre K03<P<PHllHeHTbI An H Bll" 1r ' 7l . 

lleM ,l\JIHHHee CTepJKeHb, TeM ryme MHOJKeCTBO 3HaqeHHH An (paCCTORHHe 
-00 -00 

(6.24) 
ff ~ , 

MeJK,I\y An H An+l paBHO - H CTpeMHTCH K Hy:JIIO, xorna 1-+ co ], I103TOMy ,l\JIR I10,l\CTaBAAR 3HaqeHHR <Dypbe-rrpe06paJOBaHHH fc(A)H Is(A) B mrrerpan1 
6eCKOHe'iHOrO CTepJKIDI AMOJKeT HMeTb JII060e ssaxeaae OT 0 ,1\0 00. (6.23), nonysae»: 

TaKHM 06paJOM, KaJK,l\oM)' 3Ha'ieHHIO A coorsercrsyer qaCTHOe 

penreaae: l""l OO}+00

I(x) = 1r ~lCOSAx_[I(';)COSA';d,;+sinAx11(,;)sinA';d'; A 
TA(x, r ) = [A(A )cos Ax+ B(A )sin Ax:Ie-A'T . (6.20) 
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-- ..
 
HnH 

f(x) = ; fdA }f(;)(COSAxCOSA~ + sin Axsin A;)d~. 
(6.25)o -OJ 

Y'IHThIBaJl, qTO BhIpIDKeHHe B xpyrnsrx cK06Kax ecrs KOCHHyC pa3HOCTH, 
rrpHXO,nHM K HHOMy BhIpIDKeHIDO ,l(JlJI HHTerpana <l>ypbe: 

I OJ 00 

f(x) = 7C fdA ff(~)COSA(~-x)d~. 
o	 (6.26)

-<D 

... TaKHM 06pa30M, ecna B	 xaxecrse K03!p!pH/.lHeHTOB A(A) H B(A) B (6.21) 
•	 BbI6paTbCOOTBeTCTBeHHo 

A(A) = !c (A) , B(A)=f.(A), 
TO aarerpan 

T(x,r) =~ ]r.fc (A) COSAx+ .t;(A)sinAx]e-A2TdA 
1[0	 (6.27) 

sansercs pemeaaev paCCMaTpHBaeMoH 3a,lla~lH.
 

,lq)yraJl, 3KBHBaneHTHaJI !popManora perrieHHlIIIonyqaeTcH H3(6.25):
 

1.00 OJ .. 

T(x:r) = ~ fe-A'T dA ff(~)cOSA(~- x)d~ . 
(6.28) .Jr 0 _00 

IIocne,lUJHH aarerpan MO}l(HO erne npeoopasosars, MeHHH nopll,nOK
HHTerpHpoBaHHlI: 

1 co 00 . 

T(x, r) =;; ff(~)d~fe-l'T c~s2(~ -X)dA.
I	 (6.29) 

-<Xl 0 

II i 
0603HaqHB q- x =q, MO)I(HO BHyTpeHHHH arrrerpan CBeCTH K H3BecTHoMy

III B MaTeMaTHKe onpeneneaaoay anrerpany: 

II 

I 
I: 

I 

I I 

,I: 
III 

3aMeHlIlI 06paTHo q sepea ~ - x 
OKOHqaTenbHO: 

I r -TO<
K(r,q) =- Je

7C o 

Iii 
II 

q'I -4;
COSAqdA =2.[;; e . (6.30) 

H noncraanss (6.30) B (6.29), nonyqaeM 

54 

1 co (~_x)' 

T(x,') = ~ff(~)e-4-T dq. (6.31)
2",Jr. -<D 

l.{T06bI rroaars !pH3~ecKHH CMblcn nonyxeaaoro pemeaaa, ,nOrryCTHM, 
IffO B Haqa.m,HhIH MOMeHT BpeMeHH (r = 0) TeMrreparypa fiecxoneaaoro 
CTep}l(HlI 6wIa pasaa aymo BCIO.ny, xpoae oKpeCTHOCTH TOqKH x = 0, rne 

T=To. 
MO}l(HO ce6e rrpeacrasars, qTO B MOMeHT r = 0 anesreary ,llJIHHbI 2h 

crepxaa c006ll(HnH aexoropoe KOnHqeCTBO Tenna Qo = 2hcpTo, xoropoe 

ssraaano nOBbIlIIeHHe reaneparypsi aa 3TOM yxacrxe .1\0 3HaqeHHlI To . 
Cne,llOBarenbHo, !popMyna (6.31) npaaasraer. BH.1\: 

. 1 h_(~:x)2 h _(~_X)2 

T(x,') =-- fToe -4;-dq = Qo fe 4rd~ 
2.[7;i-h 4h.[7;icp -h 

Ey,neM rerreps yxeasmars h, YCTpeMJUUI ero K HYnlO, CqHTaJI KOnHqeCTBO 'renna 
Qo HeH3MeHHbIM, T. e. BBe.1\eM noaarae MrHOBeHHOro TOqeqHOrO HCTOqHHKa 
renna aanpasceaas Qo, nouemeasoro B MOMeHT BpeMeHH r = 0 B TOqKe x = O. 
IIpH 3TOM pacnpeneneaae rexneparyp B .crepxae 6Y.1\eT onpenenarsca 
!p0pMynoH: 

Qo . I '" (~-x)' 
T(x,r) c= hm- Je -4T dJ: 

2cp-e 7Cr h-->O 2h ~ 
-00 

HJUI 

x'Qo -"4.
T(x, r) --e (6.32)

2cp& 

B xacraocra, ecna Qo = cp , TO reaneparypa Jl1060H TOqKH 

crepans B npoasaonsmra	 MOMeHT BpeMeHH t = !.. ( a - K03!p!pHLlHeHT 
a 

rexneparyponposonaocra) MO}l(eT 6bITb HaH.1\eHa no !popMyne: 
2 

1 
x 
401eT(x, t) == 2.J7iat	 (6.33) 

fpa!PHqeCKH peiueaae H3 (6.33) .,llnlI paanasasrx MOMeHTOB BpeMeHH 
ilpe..llCTaBneHO aa pHc.6.2. Ilonysenasre xpassre Ha3bIBaIOT KpUBblMU Taycca, 
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--
TaK KaK HX BM HaIIOMHHaeT HOpMaJIhHOe pacrrpezteneaae BepOHTHOCTeii," 
TaIOKe Ha3hIBaeMOe pacnpezteneaaea Taycca. 

0.4 

T(x, 0.5 )0.3 

T(x,2) 

T(x,8) 0.2 

o 

0.1 

.~ --.. ---. 

-5	 o 
x 

PHc.6.2. fpacPHKH pacnpezteneaas resmeparypu B CTep)KHe B pasnue MOMeHThI 
BpeMeHH, rrOCTpoeHHLIe BMathCad " 

3liMeTHM; 'ITOBeJIH'lHHa .. 
cp JT(x,t)dx 

ecrs ofintee KOJIH'IeCTBO teIIJIa, nonyseaaoe erepX<HeM K MOMeHry BpeMeHH t; .: 

Q(t) =cp jT(x,t)dx = c~ je ::tdx. (6.34) 
~ 2v ;;rat ~ 

Ho nOC;JIe.l(HHH (crrpasa) HHTerpaJI ecrs HHTerP"aJrITyaccOHa: 

<tt' 7r 
<S) ~Je- dx = a'	 (6.35) 

-<S) 

ITo3TOMY rronyxaesr, 'ITO Q(t) =cp =Qo =const , 'ITO cornacyercs C 3aKOHOM 

COXpaHeHHH saeprua. 

6.3. OXJla~eRHe TOHKOH DJlaCTHHLI 

ITyCTh B HaqaJIhHhffl MOMeHT y I1JIaCTHHId, TOJI~HHa KOTPPOH 3HaqH­
TeJIbHO MeHhIIIe.l(JIHHId H IIIHpHHhI (pHC. 6.3), resaneparypa 6hma pacnpeneneaa 

110 3aK0HY rlt=o = F(x). OXJIll.)I(.l(eHHe IIJIaCTHHId npOIiCXO.l(HT no 3aKoHY 

Hsroroaa, T. e. npa x = ±a 

aT
-k-=aT 

ax 
Orrpe.l(eJIHM resmeparypy rrpOH3BOJIbHOH TO'lKH B m060H rrOCJIe.ll)'lO~HH 

MOMeHT BpeMeHH. ecPopMyJIHpyeM sana-ry aHaJIHTH'leCKH: He06xo.l(HMO HaRTH 
cPyHKUmo T(x,y) , y.l(OBJIeTBopHIO!uy1O O.l(HOMepHOMY ypaBHeHHIO 
TeIIJIOrrpOBO.l(HOCTH: 

et k a2T 
(6.36)at=cp &2 

H YCJIOBIDIM: Ha'laJIhHOMY 

T!t=O = F(x) (6.37) 

a rpaHH'IHOMY 

aT + hTI.=±a = 0 .	 (6.38)ax 

PHc.6.3. Feoererpasecxae paassepu 
nOJIOCId 

ITPHCTy11HM K peIIIeHHIO sanaxa. Ilpescne acero, KaK H B 11.6.1, BBe.l(eM HOBYIO 
k	 " 

He3aBHcHMYIO nepexeaayro or = -t. Torna ypasaeaae (6.36) ynpocrarcs: 
cp 

er a2T 
(6.39)or =&2 . 

Vlu:(eM ero HHTerpaJI B sazre11pOH3Be.l(eHHH: 

T(x, r) = X(x)Y(r).	 (6.40) 

ITpO.l(HcPcPepeHUHpOBaB (6.40) ITO X .l(Ba)l(.l(hI H r O.l(HH paa Ii nO.l(CTaBHB 
nozyxeaaae BhIpll.)l(eHHH B (6.39), ITOJIyqHM: 
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TIOJIYlJeHHOe paBeHCTBO (6.45) jjBJIHeTCjj TPaHClleH):(eHTHbIM ypasneaaea 

OTHOCHTeJIbHO HeH3BeCTHOH A, TaK KaK rrpHCYTCTByeT TPaHClleH):(eHTHaJI 

(6.46) 

(6.47) 

PHc.6.4. Tpatpaxecxoe penreaae 

ypaBHeHIDI (6.46) rrOJIYlIeHHoe B 

MathCad 

tgJ..a = ha 
J..a' 

Xn(X)= AnCOSAnX. 

1.57 314 4.71 628 7.85 9.42 II 1257 

UI(2) 

0603HalJHM Ail::: Z H rrOCTPOHM B CHCTeMe xoopnanar (z,u )rpalPHKH 

ha 
KpHBbIX u, = tg z H u2 ::: - (pHC. 6.4). 5!CHO, lITO ranepfiorra U 2 nepecexer 

Z 

ceMeHcTBo TaHreHCOH):( 6eClJHCJIeHHOe MHOJKeCTBO paa, 3TO 3HalJHT, xro 
ypasnenae (6.46) HMeeT 6eCKOHelJHOe MHOJKeCTBO KopHeR, rrpHlJeM C pOCTOM 

Z ::: A.n TOlJKH nepecesenaa Zn rrpH6JIHJKalOTCjj K A..a::: nst (rne n> 1,2,... ), 

rax Kale tg zn ~ 0 . 

lPYHKIIIDI TaHreHC 
7 

• EYAeM penrars 3TO ypasaeaae rpalPHlJeCKHM crrOc060M, AJIH 

lJero CHalJaJIa yMHOJKHM lJHCJIHTeJIh H 3HaMeHaTeJIh npasolt lJaCTHaa lJHCJIO a: 

59 

TIO):(CTaBJIjjjj (6.46) H (6.42) B (6.40), rrOJIYlJaeM MHOJKeCTBO ¢YHKllHH: 

OrMernM, lJTOA" CYTh KOpHH ypasrreaaa (6.46). Orciona nonysaercs 

MHOJKeCTBO ¢YHKIUIH X(x), y):(OBJIeTBOpXlOmHx rpasasaoay yCJIOBHIO (6.44): 

T; = M; ex~- A~r )COSA.nX, 
KOTOphIe y):(OBJIeTBOpjiJOT ypaBHeHHIO (6.36) H rpaHHlJHOMy yCJIOBHIO (6.38). 

tIT06bI rrOJIYlIHTb pemesae, y):(OBJIeTBOpjiJOmee erne H HalJaJIbHOMY 

yCJIOBHIO, COCTaBJIHeM yJKe H3BeCTHhIM rrpHeMOM 6eCKOHelJHJIOCYMMy: 

7 TplIHCueH,l\eHTHlIJl ljlYHKl\HlI _ aHaJlKrll'leCKI1Jl ljlyHKUHR, He RBJlRlOlUlIJlCR anredpaasecxoa. Ilpocreannoo, 
npHMepaMH rpaacueanearaax ljlyHKUHA cJ1)'lKaT noxasarensaas ljlyHKUH', 11'IIrOHoMeTplf'leCKHe <PYHKUHH, 
JlOrapHljlMlf'leCKaR <pyHKUHR. 

~; 

(6.41) 

(6.42) 

(6.44) 

(6.43) 

(6.45)tgJ..a = f!.­
A.' 

X(X) = ACOSAx . 

%(a) +hX(a) =O. 

X(X) = ACOSAx + BsinAx, 

Y(r) = ce-).2r • 

.. 
X+A?X=O,. 
Y+A2y = O. 

Pemeans HX HaM xopomo H3BeCTHbI: 

TIOCKOJIhKy B paCCMaTPHBaeMOM cnysae rpanasnae yCJIOBIDI He jiBJIXIOTCX 

HyJIeBhIMH, TO B03HHKaeT HOBaJI caryanaa, TaK KaK yCJIOBIDI CJIeBa,H crrpaBa OT 

rrJIOCKOCTH x = 0 COBepmeHHO O):(JfHalCOBbI, TO B HalJaJIhHhIH MOMeHT BpeMeHH 

rexneparypa ):(OJIJKHa 6hIJIa 6hITh pacnpenenemroa CHMMeTPHlJHO: 

F(x)=F(-X). 

TIpHPaBHHBaJI 000 sacra OAHOH H TOH JKe rrOCTOjjHHOH - il?, IIpHXO):(HM K ABYM 

06h1KHOBeHHLIM ypaBHeHIDIM: 

x Y 
-=­x Y 

Tax KaK axpaesoe yCJIOBHe (6.43) 'BXO):(HT' TOJIbKO rrpOH3BO):(HaJI rro x H 

T(x, r)';' x(x)· Y(r), TO ¢YHKQIDI X (x) ):(OJIJKHa y):(OBJIeTBOpXTb YCJIOBHIO: 

TI03TOMY' H B noczenyromea pacnpeneneaae .rexneparypsr ):(OJIJKHO OCTaBaThCX 

CHMMeTPWiHhIM. TaKHM 06pa30M, lPYH~'X(x) A9JIJKHa 6hITh qeTHOH, T. e. 

x(-x):::X(x). . 
Orcroaa BhITeKaeT, lJTO K03lPlPJmHeHT B pasea HyJIlO, a BH):( ¢YHKllHH 

X (x) ynpomaerca: 

OTKy):(a 

HCrrOJIb3Yjj (6.43), nonysaex: 

- AAsinAa + hACOSAa ::: 0, 
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T(x, r) = f r, =L M n exp(- A~r )COS AnX = F(x). (6.48) 
n=\ n 

. BWlCHHM reneps, KaKOBI>I ,D;OJDKHI>I 6l>ITb K03<P<PHL\HeHTI>I Mn, qT061>I npa 

• t: -) 0 PJI.n, nOJIyqaIOuudfcJl H3 <PYHKUHH Tn> CXO)UlJICR K 3l1,1].aHHOH <pyHKUHH F 
(x), T. e. qT06bI BI>IIIOJIHRJlOCb paBeHCTBO 

00 

LMn COSAnX = F(x) .	 (6.49) 
n=1 

'. Bo scex npensrnynnrx IIpHMepax MI>I CTaJIKHBaJIHCf>C paJJIO)l(eHHeM <PYHKUHH B 

PJl,D; no CHHYCaM H KOCHHYCaM KpaTHbIX apryaesros, T. e. C PJl,D;aMH <1>ypbe. B 

JIeBOH )l(e qaCTH paBeHCTBa (6.49) CTOHT 6eCKOHeqHaJI CYMMa KOCHHYCOB, 

apryaerrrsr KOTOpbIX OTJIuqaIOTCJI .Heo.eJIOtfHCJIeHHl>IMH .MHO)l(HTeJIJlMH An" 

HeCJIOlKHO, O,D;HaKO, rrosasars, 'ITO <PYHKIJ,HH COS AnX H COS A..X JIBJIJIIOTCJI 

B3aHMHO 0pTOrOHaJIbHbIMH, T. e. 

o 

JCOS AnXCOS Amxdx =0 
.~Q 

C ,npyrOH croponsr, 'OHH He. HOpMHpOBaHLI, T. e. 

o

fcos 2 
Andx '# 1.. 

-0 

B TeopHH pJl,D;OB C1>ypI>e ,D;OKaJI>IBaerCJI, 'ITO npOH3BOJIbH)'lO <p~ f(x) 

MO)l(HO paanarars B PJI.n no ceMeHcTBY 0PTOroHaJIbHbIX HeHopMHpOBaHHbIX 

<PYHKuHH Xr(x), X 2(x), .... : . 

f(x) =LfnXn(x). 
n 

Ho B OTJIuqHe OT 061>I1J:HbIX PJI.nOB <I>ypbe, 0606meHHl>Ie K03<p<PHUHeHTI>I <I>ypbe 

fn onpe,D;eJUIlOTCJI no <poPMYJIe: 

f. = If(x)X.(X)dx .[lx;dxr

JF(X)COSAnX -dx
 
M =F =~-Q,--:----- (6.50) 

n n Jcos2 A.X'dx 

nO.n;CTaBJIHJI reneps 3HaqeHHJI M; B (6.48), nonysaesr OKOHqaTeJIbHOe 

Bl>IplDKeHHe ,D;JIJI HCKOMOH <PYHKL\HH T(x, I) : 

T(x, I) =IFnexj-~A~/)COSAnX.	 (6.51) 
n=1 \ cp 

r JIABA 7. HHTEfllHPOBAHlIE YPABHEmm: MATEMATWIECKOH 
C1Jlf3UKH B IUI.JIlIII,lJ;PWlECKOH CHCTEME KOOP,lI;HIIAT 

<I>YHKIJ,HH EecceJIJI B MaTeMaTHKe npe.nCTaBJUIlOT C060H ceMeHCTBO 

<pYUKL\HH, JlBJIJlIOmHXCJI KaHOHHqeCKHMH pemeHIDIMH .nu<p<pepeHIJ,HaJIbHoro 

ypaBHeHHJI EecceJIJI. YpaBHeHHe EecceJIJI B03HHKaeT BO BpeMJI HaxO)l(.neHHJI 

pemeaaa ypaBHeHHR Jlannaca H ypaBHeHHJI Tensuronsua B L\HJIHH.npHqeCKHX H 

c<pepH'ieCKHX KOOp.nHHaTax. <I>YHKL\HH EecceJIJI snepaue 6billH onpeneneasr 

BbI,!{aIOIIJ,HMCJI IlIBeHL\apCKHM <pH3HKOM-YHHBepCaJIOM H MaTeMaTHKOM 

,D;aHHHnOM EepuYJ1J1H, a HaJBaHbI B 1J:eCTb HeMeL\KOrO acrpoaoxa H MaTeMaTHKa 

<!>PMPHxa BHJIbreJIbMa EecceJIJI. 

.uaHlum EepHYJIJIH (Daniel Bernoulli, 1700 - 1782) - BbUUIKJIIUIHCJl 
ursesuapcxaa !P1I3HK-YHHBepcaJI H MaTeMamK. B OKTJl6pe 1725 r. 
.uaHlIHn EepHYJlJIH C 6paToM Haxonaes, IIpH6bIJIl! B Ilerepfiypr aa 
pa60T)' B POCClIHCK)'lO llKa.!leMHlO Ha)'K. Bonee scero .uaHHHJI 
Bepaynna npocnasanca TPY.l\aMlI B o6rracm MareMalWIecxoH 
<p1I311KH II reopxa ,lIH!p!pepeHUlIaJIbHbIX ypaBHeIIHH - ero C'lHTalOT, 
napany C.u' AJIaM6epOM H 3ifn:epoM, OCHOBaTerreM MareMamqecKol!: 
<pH3HKH• 

7.1. Pemeaae ypaBHeHHH Jlannaca B UHJlHu.nPH'IecKHX Koop.nHHaTax. 
YpaBHeHHe Beccens 

YpaBHeHHe Jlannaca B UHJIHH.npH1J:eCKHX xoopnanarax" HMeeT 

CJIe,nyIOIUHH Bu.n: 

2u 2u 
!1.U ;J..~(p 8U)+_I_ 8 + 8 =0. (7.1)

p 8p 8p p2 8(/ 8z2 

TaKHM 06paJoM, .nJIJI y,D;OBJIeTBOpeHHJI yCJIOBHJI (6.49) He06xo,D;HMo nOJIO)l(HTb	 B IIpeo6p33oBaHHe ypaBHeHIDI Jlannaca H3 nexaproaoa CHCTeMbl KOOp)lHHaT B mtJDIH)lplf'lecK)'IO cacreay 

KOOpJlHHaT nOK33aHOB ~H1I0Jl(eHIDI 2.
npOH3BOJIbHI>Ie 'lRCJIa M, paBHbIMH 0606IUeHHI>IM K03<p<pHL\HeHTaM <I>ypbe: 

61 
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liy,lJ;eM HCKaTb pemeaae ypaBHeHIDI (6.1) MeTO,lJ;OM <I>ypbe, HMeJl B BH,lJ;y, 'ITO 

HCKOMaJl epYHKI.\HJI U (p, <p, z) 3aBHCHT OT rpex rrepesseamax. TIOJImKHM, 'ITO 

U(p, rp, z) = V(p, Z)<1>(rp). (7.2) 

TIO,lJ;CTaBHB (7.2) B (7.1), rrOJIy'lHM 

2v 
<1> a (aV) 1 •• a-- p- +-V<1>+<1>-=O2pap ap p2 az

2 

. TIOJIyqeHHoe ypasaeaae YMHo)ICaeM na L H npeoopasyex K paBeHCTBy:
V<1> 

2v 
p a ( av) p2 a ;;;, 
vap p ap +7 az2 =- <1>(rp)' 

PaBeHCTBO nsyx epYHKI.\HH OT PaJJIH'IHhIX aprysrerrroa B03MO)I(HO rorna H 

TOJIbKO 'rorna, xorna OHH pasnsr O,lJ;HO~ H TOil: )ICe nOCTOHHHOH. 0603Ha'iaR ary 
. . 2 

rrOCTOJlHHyro sepes v , nonysaex naa ypaBHeHHJI: 

2V 
. p _~.J p8V)+L 8 _y2=O (7.3)

V 8A. 8p V az2 , 

<1>+ y2<1>(rp) = O. (7.4) 

,l(.rrJl peruenas ypaBHeaIDI (7.3) BOCrrOJIf>3yeMC~MeTo:n.OM <I>YPbe, 'ITO rr03BOJIHT 

paJ.n;eJIHTb nepeuenasre. Hrax, nycrs . 

V(p, z) =R(p)Z(z). (7.5) 

PaJ.n;eJIHB ypasaenae (7.3) Ha/ H npoasaena npe06pa30BaHHJI, rrorry'lHM: 

Z d • y2 •• 
--(pR)--RZ +RZ=O. 
pdp p2 

Orxyna rrOCJIe .n;eJIeHIDI aa RZ H npeoopasoaaaaa HMeeM: 

.. 
1 d • v 2 Z
--(pR)--=-­
pR dp p2 Z(z) 
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Dorryqmrn paBeHCTBO nsyx epYHKI.\HH OT Pa3JIH'lHbIX apryaearos. TIpHpaBHHBaR 

o6e 'laCTH sroro paseacraa rrOCTOJlHHOH - A? , nonysaev .n;Ba 06bIKHOBeHHbIX 

p;n:epepepeHI.\HaJIbHbIX ypaBHeHIDI: 

1 a • [2 y2]--(pR)+ A; -- R=O. (7.6)
pdp p2 

Z-A?Z=O. (7.7) 

COBOKynHOCTb ypaBHeHHH (7.4), (7.6) H (7.7) 3KBHBaJIeHTHa HCXO.n;HOMy 

ypaBHeHHIO Jlarrnaca (7.1), 'ITO rr03BOJIHeT onpenemrrs epYHKI.\HH <I>(<p), Rip), 
Z(z), a CJIe.n;OBaTeJIbHO, H HCKOMyIO epYHKI.\HIO U, KOTOpaR, cornacao (7.2) H 

(7.5) panna: 

U(p, rp, z) =R(p) lI>(rp) Z(z). (7.8) 

,UHepepepeHI.\HaJIbHbIe ypaBHeHHJI (6.4) H (6.7) JlBJUIIOTCJI JIHHeHHbIMH H 

O.n;HOPOMffiIMH ypaBHeHHHMH sroporo nopaaxa H HX pemenae He npencrasnser 
OC06bIX rpynaocreti. I1x o6II.\He penrenaa xopomo H3BeCTHbI H MOryT 6bITb 

sanacaasr B BH.n;e: 

<1>(rp) = A cos yrp + B sin yrp, (7.9) 

Z(z) =C eh Az+Dsh Az. (7.10) 

TaKHM 06paJOM, sanasa CBeJIaCb K penreaaro .n;HepepepeHI.\HaJIbHOrO 

ypaBHeHIDI (7.6) C nepeMeHHbIMH K03epepJITUfeHTaMH. Ilposena rrpeotipasoaanaa, 
npencraaasr :)TO ypasneaae B sane: 

2R 
d +l dR +(A? -~J R =0. 
dp2 pdp p2 

YrrpOCTHM nonyseaaoe ypasaeaae, BBe.n;g HOByIO uesaaacaayro 
nepexeaayro x = A.p. B pe3YJIbTaTe nonysaev epOPMY 3arrHCH ypaBHeHHH B 

nane TaR aanraaexoro ypaeneuus Beccens: 
2

d R 1 dR ( y2 J-+--+ 1-- R=O. (7.11)
dx? x dx x 2 

Hnrerpansr R; (x) ypaBHeHIDI (7.11) HaJbIBaIOT IIW1UIIOpUtteeKUMU ¢YIlKIIWlMU 

HJIH ¢YHKIIWlMU Beccens. HH)lCe paccsrorpaa MeTO.n;bI pemeaas ypa611e1lUJl 

Beccenn (7.11). 
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~·'/d~,·' 

<1IPHllPHX BHJThreJIbM Beccens (HeM. FriedrichWilhelm Bessel, 1784 
- 1846) - HeMeU:KHii aCTPoHOM H MaTeM8THK. B ero qeCTb HlI3l1llHld 

<lIYHKJJ:HH BeccensH HepaBeHCTBO Beccens. He Y~CJI B rHMHll3HH H 

YHHBepCHTeTe. nOJIY~ ztoxaruaee 06p1l30BlIHHe non 

PyKOBO.l\CTBOM orna, CaMOCTOJlTeJIbHO H3)"iHJI MaTeMaTHKY H 

acTPOHOMHIO, H qrO aarepecao, noJIyqHJI JlOKTOpCKyJO crenens 

[eTTHHreHCKOro YHHBepCHTeTa B 20 JIeT BbI'IHCJIHJI Op6HTY KOMeTbI 

[aJIJIeJl. Pll3pa60TaJI TeopHIO oWH6oK liCTpOHOMH'ieCKHX 

HHcTPYMeHTOB, oTKpbIJI JIH'iHoe ypasaenae, T. e. cHCTeMaTIlqecKYIO 

oWH6KY, npacymyio .l\lIHHOMY Ha6JIJOJlaTeJIJO. Ilpa o6pa6OTKe 

Ha6JIJOJleHHii npHMeHJIJI TeopHIO BepOJITIlOCTe1! H MeTO.l\ HlIHMeHbWHX KBa,apaTOB. 

7.2. Peureaae ypaaaeuaa Beccena, <l>yHKUHH Beccena 

3arIHIIIeM ypasaeaae Beccens B sane: 

•• t :	 [ v
2 JY+-Y+ 1--2 y=O. (7.12)

X x . 

Penrenae ypaBHeHIDI (6.12) 6y.neM HCKaTbB <popMe pJI.D:a 

00 00 

S k k+ S y= x	 Iakx ='Iakx • (7.13)
k=O k=O . 

IIeI:BaH H BTOpaH npoaaaoznnae sroro pH~3anHIIIYTcHTaK: 

. 
y = Iak(k + s) xk+s-l, (7.14)

k=O .. 
y= Lak(k+s)(k+s-l)x 

kH-2	 
(7.15)

k=O	 . 

YMHO)J{HM (7.13) aa _ a (7.14) YMHO)J{HM aa IIo.llcTaBHM(1- ::).	 
x 

nonyseaasre BbIpa)J{eHIDI H (7.15) B ypasaeaae (7.12): 

kH I akx + Iakx 
kH-2 [(k + s )(k + s -1)+ (k + s)- v 2 J= O. 

k=O k=O 

.-2 
IIpoH3Be.nH coxpameaae na X H ynpomeaas B xsanparasrx cxofixax, 

rrpeofipaayess aro TO)J{.l(eCTBeHHoe paBeHCTBo CJIe.nyK>IUHM 06paJOM: 

kH 
Lakx = - Lakx

k l(k + s y- v
2 J 

k=O k=O 
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PH.n CJIeBa aaxaaaerca C x 2
, a psn cnpaaa-s-c x B HyJIeBOH CTeneHH. 

Orctozta cnenyer, 'ITO K03q>q>HQHeHTbI rrepen X
O H Xl pasasr HYJIIO: 

ao(s2- v2)=0,	 (7.16) 

a1l(l+sY - v 
2 J= o.	 (7.17) 

qTO xacaercs K03<pq>HUHeHTOB npn 60JIee BbICOKHX CTeneHHX x, TO OHH 

.nomKHbI y.nOBJIeTBOpHTb peKYPpeHTHOMy paBeHCTBy: 

= -ak l(k + sy- v 2 j, k » 2, 3, (7.18)ak_2 

113 (7.16) BbITeKaeT, qTO s =±v H a, = O. TIOJIO)J{HM caaaana, 'ITO S = +v, 

rorna COrJIaCHO (7.18) 
a _

ak = k 2 
(7.19)

k(k+2v)' 

rne k == 2, 3, ... . IIoCKOJIbKY al == 0, TO H BCe nocnenyromae neserasre 

K03q>q>HUHeHTbl a3, as, a7, ... TaK)J{e pasasr HYJIIO. qTO KaCaeTCJI qeTHbIX 

K03<P<PHUHeHTOB, TO HX nerxo BblPaJHTb sepea a no <popMyJIe (7.19): 
aD aD a == -- ­

22(1+v)'
2 2(2+2v) 

a2 aD 
a4 =	 (7.20)

4(4+2v) 24.2 (l + v)(2 + v) , 

(_1)<aD 
a = . . 

2k 22k k!(l + v)(2 + v) ...(k + v) 

IIo.nCTIlBJIJIlI (7.20) B (7.13), nonysaex sacrnoe peIIIeHHe ypaBHeHIDI neCCeJIH 
(6:12): . 

~ (-I)'x 2'" • (7.21) 
Y,(x) =I, (x) =t; Z2k k!(1 +v)(Z +v) ...(k +v) 

C nOMOIIU>1O IIpH3HaKa CXO.llHMOCTH ):{aJIaM6epa MO)J{HO noxasars, qTO pan 

(7.21) CXO.nHTCli npH JII06blX 3HaqeHHHX x. Xapaxrepaayessaa HM <PYHKUIDI I,(x) 
aaasraaercs 6eCCeJleBOU tPYHKt/ueu nepeoeo pooa nopsoxa v. Becceneasr 
q>yHKUHH nepsoro pozta I, (x) xopouro H3yqeHbi H .l\JIH HHX COCTaBJIeHbI 

COOTBeTcTByromHe Ta6JIHUbI. 3aMeTHM, qTO <PYHKQHH neCceJIJI qaCTO B 

MaTeMaTHKe HaJbIBaIOT UHJIHH.npHqeCKHMH <PYHKUIDIMH, xoropsre COCTaBJIHIOT 

Ba)J(HbIH KJIaCC CneUHaJIbHblX <PYHlCll:HH. TIOMHMO nposero, PaJJIHqaIOT erne H 
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crpepaxecxae <PYHKQHH Beccens I H II pona n-ro nOpM,D,Ka npa penreaaa 
ypaBHeHHM Jlannaca H ypasaeaaa reJIbMrOJIbQa B crpepasecxax KOOp,D,HHaTax. 

IIpH x> 1 <PYHKQHlO neCCeJIM MO)K}{O 3aMeHHTb ee aCHMTITOTHlIeCKOH 

<pOPMYJIOH: 

[2 ( V7I" 71")Iv(x)",V~cos x-T-"4 . (7.22) 

H3 (7.22) BH,D,HO, 'ITO )J,JllI 60JIbIllliX X KpHBaM I; (x) HaTIOMHHaeT c060H 

3aT)'XalOII.JYIO KOCHHYCOH.n.y. Ha pHC. 7.1 npasenea rpaeax 6ecceJIeBOH <PYHKQHH 

nyneaoro nOpM,D,Ka. 

1.1 . PHc.7.1. rpa<pHK ~."~" .•. ..• .. <PYHKQHH neCCeJIM npa 
.~.. 0.3 . ...•...... . . . . .. . . x> 1,nocrpoeaasra B
 

-0.1 • • .••• ••••• . • • • • . • MathCad
 

-0.5 0 10 20 30 40 SO 60 70 80 90 100 

KaK BH,D,HO H3 pHc.7.1, <PYHKQHH I; (x) HMelOT 6eClIHCJIeHHOe MHO)KeCTBO 

xopaeii 4~V) (r;e Ie= 1,2, •••), ,D,JIM KOTOP~IX I v(,;~v) )=O. 

, Y!TaK, <PYHKQ~M neCCeJIM nepsoro pona Iv(x) MBJIMeTCM O,D,HHM lIaCTHbIM 

pemeaaea y,(x) ypaBHeHH1I (7.12). tITo6bI aarracars ero ofintee pemenae, 
~o 3HaTh sropoe JIHHeHHO-He3aBHCHMOe xacraoe pemenae Y2(X). B reopaa 
6eCCeJIeBbIX <PYHKQHH nOKaJaHO, liTO B TOM CJIYlIae, xoraa napaaerp V 

MBJIMeTCM He QeJIbIM lIHCJIOM,3TO sropoe xacrnoe 
peureane MO)K}{O nOJIYllHTh, nOJIOlKHB S =~ V: 

~ (_l)k X2k-v • 

(7.23)Y2(X) ~ I_v (x) =aot; 22kk!(I- v) ...(k _ v) 

<I>YHKQHM (7.23) TO)Ke MBJIMeTCM 6eCCeJIeBOH <PYHKQHeH nepsoro pona, HO 

orpauarensaoro nopaznca, ee rpaoax nO,D,06eH saryxaromea KocHHYcOH,D,e. 

B CJIYlIae, eCJIH V He MBJIMeTCM QeJIbIM lIHCJIOM, TO 06m:HH HHTerpaJI 

ypaBHeHHR neCCeJIM HMeeT BH,D,: 

y(x) = CJv (x) + C21v(x). (7.24) 

O,D,HaKO, eCJIH v ecrs uenoe lIHCJIO (v = n), TO <PYHKQlfji c(x) OTJIHlIaeTCM 

OT I.(x) TOJIbKO nOCTOMHHbIM MHO)KHTeJIeM (-I).l1HbIMH CJIOBaMH, I_.(x) H I.(x) 
MBJIMlOTCM JIHHeHHO 3aBHCHMbI H H3 HHX HeJIb3M COCTaBHTb 06m:HH HHTerpaJI. 

B 3TOM cnysae B xaxecrse sroporo He3aBHCHMOro xacraoro pemeaaa 
BbI6HpalOT <PYHKIUfiO neCCeJIM sroporo pozta Y.(x), KOTOPYlO eute HaJbIBalOT 

PYHKlfUeU Heicuana (npe,D,JIO)KeHa K. HeiiMaHoM B 1867 r.), 
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Kaprt fOT41PHJ.I HeHMaH (HeM. Carl Gottfried Neumann; 1832-1925)­
HeMellKHH MaTeMaTHK, npopeccop yHHBepCHTeTOB B Tanne (c 1863), 
TI06HHreHe (c 1865) H JleHIIIlHre (c 1868). B reopaa 
Wf4141epeHllHaJIhHbIX ypaBHeHHi!: C qaCTHhIMH npoH3BO,llHhIMH 
Hei!:MaHy npaaanneacar pa50ThI, OTHOCM~HeCli K reopaa nOTeH!lHaJIa 
(B qacTHOCTH, K reopaa norapH41MH'ieCKOrO nOTeHIlHaJIa), rzte HM,1I,1IH 
MeTO,1l, (MeTO,1l, HeHMaHa) pemeaaa 3a.ua'iH ,[(HpHXJIe ,1I,JIlI cnysas 
BhlnyKJIbIX KOHTYPOB (aa nJIOCKOCTH) H BhlnyKJIhIX nosepxaocren (B 
npOCTpllHCTBe). Hccnenosan BTOPYlO KpaeBYIO 3a.uaqy (T. H. sartasry 

HeHMaHa). 3aHHMaJICH np06rreMaMH 4lH3HKH. 

BbIBO,D, ssrpaaceaaa )J,JllI Y.(x) He 6Y,D,eM npHBO,D,HTb, a OrpaHH'lHMCM ee 

aCHMnTOTHlIeCKOH <POPMYJIOH, cnpaBe,D,JIHBOH npa x> 1: 

/2 . ( il"Jnil"Y.(x) '" V-;;;;sm x-T-"4 . (7.25) 

HaH60JIee cynrecrseanoe CBOHCTBO <PYHKQHH Y.(x) COCTOHT B TOM, sro npa 
x~o <p~ HeHMaHa moooro nopaaxa CTPeMHTCSI K 6eCKOHellHOCTH: 

Y.(O) = -00. (7.26) 

Ha pHC. 7.2 npasenea rpa<pHK <PYHKQHH HeHMaHa HYJIeBoro nopanxa. 

PRe. 7.2. rpa<pHK 

<PYHKQHH HeiiMaHa 

HYJIeBoro nopazrsa,:'[ll~r;a nocrpoeaasra a 
-0.6U----------- MathCad o 1 2 3 4 5 6 7 8 9 10 II 12 13 14 15 

TaKH){ 06paJoM, npa V = n o6m:HH mrrerpan ypaBHeHHSI neCCeJIM (7.12) 

BbIpa)KaeTCM CJIe,D,)'IOmeH <POPMYJIOH: 

y(x) =C/n(x) +C)';, (x). (7.27) 

B rnase 8 npasenea KOHKpeTHbIH npassep peureaas TeTIJIOTeXHHqeCKOH 

aanaxa C HCnOJIb30BaHHeM <PYHKQHH neCCeJIM. 

7.3. BbI'IHCJIeHHe 4JYHKQHii Beccena B Excel 

06bIlIHO <PYHKQHH neCCeJIM npHMeHSIlOTcM npa HHTerpHpOBaHHH 

,D,H<p<pepeHQHaJIbHbIX ypaBHeHHH B QHJIHH,D,pHtIeCKHX KOOp,D,HHaTax. 3TH 

<PYHKQHH He asrpaacarcrcs sepea 3JIeMeHTapHbIe <PYHKQHH, HO ,D,OCTaTOlIHO 

nonpofiao npoTa6YJIHpOBaHbI. Cpe,D,H BCTPoeHHbIx <PYHKQHH Excel HMeeTCM 

06bIlIHaSI H MO,D,H<pHQHPOBaHHaSI <PYHKQHM EeCCeJIM (Ta6JI. 7.1). 

Ha pHC. 7.3 npe,D,CTaBJIeHbI nocrpoeaasre C IIOMOUU>lO «PYHKlJ,HH 

EECCEJIb.J(x;n) rparpaxa «PYHKlJ,HH neCCeJIM Jo(X)H J,(x) B Excel. 
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PHC.7.3. Bsrsacneaae H nocrpoenae rpaqlHKOB cj>YHKII,HH Beccena J0 (x) H 

J, (x) B Excel 

T~7.1 

I1MSI cj>yHKQHH B 
Excel 

Onep auas IIpHMeqaHHe 

EECCEJIb.J(x;n) Bosspamaer cj>YHKII,HIO 
Beccens J.(x) 
Boaspamaer cj>YHKII,HIO 
Beccens r.(x) 
Boaapantaer cj>yHKllHIO 
Beccens I.(x) 
Bosspamaer cj>YHKllHIO 
Beccena K.(x) 

n - nopSl,noK cj>YHKQHH 
Beccens 

EECCEJIb.Y(x;n) 

EECCEJIb.I(x;n) 

EECCEJIb.K(x;n) 
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r JIABA 8. 3A,lJ.Alin ,l(HPHXJIE 

Ilon 3a,naQeH ,lVtpHXne nonpaayxeaaercs OTblCKaHHe perynspaoro B 
06nacTH D pemeaas ypaBHeHHSI Jlannaca c xpaeasnaa ycnoBHSlMH l-ro pona 
(u=h aa rpaaane 06nacTH D, rne u - HCKOMaSI cj>yHKII,HSI, a h - 3a,naHHaSI 
q>yHKQHS!). Bonpocu, CB1I3aHHble c :noH 3a,naQeH, paccaarpaaanacs eIQe K. 
fayccoM (1840), a 3aTeM II. ,[(HplOOle (1850). 

8.1. Pemenae la,na'!H )J;HpHXJle AJlD "HJlHHApa 

IIYCTb ,naH I(HnHH,np BblCOTbI h H paztayca a (pHC. 7.4), aa 60KOBOH 
rroBepXHOCTH H sepxnex ropue xoroporo resmeparypa palma HYnIO, a na 
HH)J(HeM ropue nonnepzcaaaercx nOCTOSlHHaSI resmeparypa no saxony T - F 
(P). HaH,neM pacnpeneneane reaneparypsr B TaKOM uanaazipe. 

MoraHH Ilerep rYCTllB JIelKeH-)J:HpHXJle (HeM. Johann Peter Gustav 
Lejeune Dirichlet, 1805 - 1859) - HeMerurnH MareMaTliK. Baec 
cymecrseansra BKJI3,l\ B MRTeMaTH'IeCKRH aHllJIH3, reopmo $YHI<IUrli 
Ii TeopHIO xacen. O.lUlH H3 BalKHeitlliHX ero TPYllOB «0 CXO.lUlMOCTH 

TPHf'OHoMeTjlH'leCKHX psztoa, CJIYlKamHX lIJUI rrpencraaneaas 
npOH3BOJIhHOH lPYHKLUlH B lIaHHhlX npenenax» (1829). 

l.{T06bl ccj>opMynHpoBaTb saaarry aHanHTHQeCKH, rrpHMeM BO BHHMaHHe, 
'ITO H3 ee ycnosaa ssrrexaer cHMMe1pHliHocTb pacrrpeneneaas resarreparypsr no

aT . 
yrny <po II03TOMY - =0 H ypasnenae Jlannaca ynpomaercs:

arp 

.!-~(p 8T) + 8 
2 
r = 0 (8.1)

p 8p l 8p &2 

Fpaaasnsre ycnOBHS! sanasa HMeIOT 
cne.nyrolI(HH BHA: 

PHc.7.4.
 
r eOMelpHQeCKHe
 
pasxepsr TI =0 TI =0 (8.2)p=a ' z=h ' QHnHH,npa 

Tlz=o =F(p). (8.3) 

69 

Н
А
УЧ

Н
О

-И
Н
Ф
О
Р
М
А
Ц
И
О
Н
Н
Ы
Й

  Ц
Е
Н
ТР

  С
А
Н
КТ

-П
Е
ТЕ

Р
БУ

Р
ГС

КО
ГО

  Г
О
С
УД

А
Р
С
ТВ

Е
Н
Н
О
ГО

  Т
Е
Х
Н
О
ЛО

ГИ
Ч
Е
С
КО

ГО
  У

Н
И
В
Е
Р
С
И
ТЕ

ТА
  Р

А
С
ТИ

ТЕ
ЛЬ

Н
Ы
Х

  П
О
ЛИ

М
Е
Р
О
В

 



ComaCHO MeTO~y <I>YPbe, npezrcrasaa HCKOMYIO <PYHKlI,HIO B BH~e 

rrpoH3Be~eHIDI: 

T(p,z) = R(p)Z(z). (8.4) 

rrO~CTaBHB 3T0 npoaaseneaae B HCXO~Hoe ypW3HeHHe (8.1), HMeeM: 

1 d ' " 
Z--(pR)+RZ = O. 

pdp 

,n:eillI 3TO paaencrso aa RZ H nepeaocs sropoe cnaraeuoe srrpaao, nonysaeu:.. 
1 Zd ('JpRdp p R =-Z(z)· 

IIpHpaBHHBasl, KaK 06bNHO, ooe qaCTH paBeHCTBa nOCTORHHOH - 'J..,z, IIpHXO,lUiM 

K ,l\B}'Mo6bIKHoBeHHbIM ,lUi<p<pepeHlI,HaJIbHbIM ypaBHeHIDIM: 

Z-..i?Z(z) =0, (8.5) 

1 d ( .).~.- pR +..i?R=O. (8.6)pdp . 

06II.1,HH aarerpan ypaBHeHIDI (8.6) 3arrHCbIBaeTCRCpa3Y: 

Z(z) =Achk « Bsh Xz, (8.7) 

liTO KaCaeTCJI (8.6), TO OHO RaJIReTCR ypaanenaex Beccens HYJIeBoro 
rrop~K~ OTHe3aBHCHMOH nepeaeaaoti (Ap):. .. 

.• 1· 
R+-R+)}R = 0 (8.8) 

P 
Ero ofintee pemeaae cornacao (7.27) MOJKHO 3aIIHCaTb B BH~e: 

R(p) =Clo(Ap) + DYO(Ap). (8.9) 

M3 ycnosaa KOHe~OCTH pemeaaa BO acex rossax nanaanpa CJIe~eT, 

qTO D = O. B rrpOTHBHOM cnysae ~ TOqeK aa OCH z, T. e. npa p = 0, MbI 6bI 

rr0JIY'iHJIHR-aJ (TaK KaK /Yo(O)1 = co], MTaK, 

R(p) =Clo(Ap). (8.10) 

Ilorpeoyea Terrepb, qT06bI na noaepxaocra lI,HJIHH~pa R(a)= 0: 
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Io(Aa) =0. (8.11) 

Orciozta HaxO~HM napaaerp 'J...: 

A = ~~ n --Aa=~~ HJIH (8.12) 
a 

rne ~~ - KOpHH 6eCCeJIeBOH <PYHKlI,HH HYJIeBOrO nopsnxa. rrO~CTaBnRR 
(8.12) B (8.9), nonysaea: 

Rn(P)=CJo(~~~) (8.13) 

YMHOJKasl (8.13) ua (8.7), HaxO~HM MHOJKeCTBO <PYHKI.I,HH: 

t, (p,z) =[MnCh(~~~) + NnSh( ~~ ~)]Io( ~~ ~). (8.14) 

y~OBJIeTBOPRIOII.I,HX ypaBHeHHIO (8.1) H nepaouy H3 rpaaaxasrx yCJIOBHH 

(8.2). 

qTOObI y~OBJIeTBOpHTb eme BTOpOMy rpaHHqHOMY yCJIOBHIO Tlz=h =0, 
He06xo,lUiMO rrOJIOJKHTb 

Mnch (;~;)+ Nn Sh( ~~;) = O. (8.15) 

Orcrona 

Nn = u, cth( ~~;) (8.16) 

rrO~CTaBJIJIR (8.16) B (8.14) H yxra <pOpMyJIy ~R fHrrep60JIHqeCKOrO canyca 

Pa3HOCTH ~BYX yrnos, rrpHXO~HM KCOOTHoweHHIO: 

Sh(~O h-Z) 
1'" = M. • a Io(;~ E.). (8.17) 

Sh(;~~) a 

OCTaJIOCb erne y~OBneTBOPHTb rpaaaxaosry yCJIOBHIO (8.3). ,Urn! 3TOro 

COCTaBHM H3 penreaaa T; 6eCKOHeQHYlO C}'MMY: 
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Sh(~O h-Z) 
T(p,z) = fT. =fM. • a lo('~~ £) (8.18) 

.=1 ••1 sh( ~~ ~I a 
a 

." nOJIy'iHM, 'IT06LI npn z=OOHa CXO,l(HJIaCb K F(p): 

T(p,O) = ~M.Jo( ~~ ~) = F(p). 

3a):(aqa reneps CBeJIaCb K pasnoacemno 41YHKll:HH F(P) B px.n no 6ecce­

neBbIM 41YHKUIDIM nynesoro nopx.nKa.· B reopaa uli:JIlfH,l(pHqeCKHX 41YHKUIlli 

,l(OKll3bIBaeTC.!I, 'ITO zrae paamrsasre 41yHKUHH onaoro nopsnxa 0606meHHo 

oproroaansau, T. e. 

fPIO (q~ :yo(q~ : )dP= 0 

rrpH m l' n, TIo:noMY mo6YJO 41YHKUHlO F (P) MO)J(HO p!l3JIO)J(HTb B p.!l,l( cI>ypbe­

Beccens: 

F(p) = ~Fnlo( q~ :), (8.19} 

TIpH 3TOM K034141HUHeHTbI cI>ypbe - Beccens F, Bbl'IHCmIIOTC.!I no 41opMYJIe: 

F _ 2 a 

n a2 rI(;: )f fPF(P)Io(~:': )dP~ (8.20)-
I 

TaKHM 06p1l30M, nOJIarM M; = Fn. nonysaea OKOHlJaTeJIbHOe pemenae 

3a):(aqH B BH):(e CYMMbl paaa: 

Sh(q,O h-Z) 
T(p,z) = fF" n a Io(q~ p). 

(8.21) 
n=l sh(q~~1 a 

a 

B 3aKJIIO'IeHHe OTMeTHM, 'ITO 41yHKUHH BeccensnpHMeH.!/IOTC.!I erneH TIpH 

peIlIeHHH HHlKeHepHblX 3a,n;aq 0 pacnpocrpaneaaa BOJIH, CTaTHlJecKHX 

rrOTeHUHaJIax H T. rr., aanpmrep: 
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• 3JIeKTpOMarnHTHble sonasr B UHJIHMpHlJeCKOM BOnHOBO,l(e; 

• TeITJIOnpOBOMOCTb B UHJIHH,l(pH'IeCKHX 06beKTax. 

cI>YHKIUiH Beccens HaIITJIH npaveaeaae TaK)J(e npa 06pa60TKe 3neKTpHlJeCKHX 

CHrHaJIOB. 

8.2. Pemeaae 3aAa'lH ,lJ;upHXJIe AJlH xpyra 

TIyCTb B ITJIOCKOCTH XOY HMeeTC.!I xpyr panayca R C nenrpoa B Ha'IaJIe 

xoopnaaar H aa ero OKpy)J(HOCTH sanana 41YHKUIDI fitp), rne qJ - nOJI.!ipHbIH 

yron. Tpeoyerca HaHTH 41YHKL\HIO u(r,~), KOTOpM y,l(OBJIeTBOp.!leT ypaBHeHRJO 

Jlannaca B nOJI.!IPHblx KOOp,l(HHaTax: 

a2u 1 au 1 a2u .
-+--+--=0 (8.22) 
ap2 p ap p2 ar/ 

H npHp=R H u=f(~). 

3anHweM ypasaeaae Jlannaca B nOJI.!IPHbIX KOOp,l(HHaTax B cneztyrontex BH,l(e: 

2 a2u au a2u p -+p-+-=O (8.23)
ap 2 ap ar/ . 

TIOJIaraeM u =<I>(~)R(p) H noncrannas 3TO COOTHOIlIeHHe B ypasaeaae JIaITJIaca, 

rronyqaeM: 

p2<I>(~)R(P)+p<I>(~)R(P)+';(~)R(P)=0 (8.24) 

HJIH 

';(VJ) _ r 2 R(p)+rR(p) -e. (8.25)
<I>(~) - R(P) 

Torna HMeeM ztsa ypasaeaaa: 

4>(rp) + e<1J(rp) = 0, (8.26) 

r 2 R(p)+r R(P)- eR(p)=O. (8.27) 

Odmee peureaae ypaBHeHH.!I (8.26) HMeeT BH,l(: 

<I> = Acosk~+ Bsuik«, (8.28) 

PeIlIeHHe BTOpOro ypasaeaaa 6Y,l:\eM HCKaTb B sane: 

R=pm. (8.29) 

TIPH nO,l(CTaHOBKe (8.29) B (8.27) nonysav: 
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p'm{m-l)pm-' + pmp"" _ k' p" =0, m' - e =0. (8.30) 

06IIJ,ee pemeaae ypaBHeHIDI (8.30) HMeeT BH~: 

R=Cpk +Dp-k. (8.31 ) 

'TIo~cnlBmm Il0JIY'leHHble peIlIeHHM (8.28) H (8.31) B ypaaaeaae U = lIJ(tp)R(P), 
1l0JIY'lHM: 

u, =(Akcosktp+BlsinktpXC1pl +DIP-k). (8.32) 

3'ra «pyHKUHM 6y~eT peureaaev ypasaeaaa JIanrraca npa m060M k ;rOo 

ECJm k = 0, TO 4,(tp)=O, pR+R = 0 cnenosarensao Uo=(Ao + BotpXCo«D; Inp). 

PeIlIeHHe ~OmKHO 6bITh llepHO~HqeCKHM, T.K. O~HO H TO )I(e aaaseaae 6y~eT 

1l0BTOPMTbCM xepea 2n. (Torna paCCMaTpHBaeTCM O~Ha H ra )I(e TOqKa xpyra.) 
TIo:nOMY Bo= O. PeIlIeHHe ~On)l(HO 6bITb KOHeqHbIM H nerrpepsraasoa, 1l03TOMY 

Do= O. Oxomarensao norrysaesr peruenae ~aHHOH aanasa: 

A '" 
U(p,tp)=~+ ~)A"cosmp+B"sinntp)p", (8.33)

2 =1 . 

1 " 1 " 
rne A".= 7rR" J/(t )cosntdt, B" =7rR" JAt )sinntdt , (8.34) 

-II -fJ 

Ecna 1l0~CTaBHTb K03«p«PHUHeHTbI (8.34) B 1l0JIY'leHH)'lO «popMYny (8.33) 
H rrpOH3BeCTH ynpomeaae, TO llonyqHM OKOHqaTenbHbIH pesynsrar peIlIeHHM 

3a,n:a~ ,lVipHXJIe, KOTOpbIH nassraaerca UHmeZpaJlOM Ilyaccoua: 

. ~ .2 
1 n R + P 2 dt . (8.35)U(p,tp) = 211" Jf(t) R2 -2pRcos(t-tp)+ p 

. -n 

Hnrerpan Ilyaccoaa nsrpazcaer saaxeaaa «PYHKUHH u(p,rp), rapMOHHqeCKOH 

BHYTpH xpyra pannyca R, sepea ee 3HaqeHHM f(t), saaaansre aa rpaaaue 3TOro 

xpyra, WyHKURji u(p,rp) xansercs peureaaex 3a,n:aqH )J.Hpmrne.nmr xpyra. 
3aMeTHM, 'ITO H3yqeHbI TaK)I(e aarerpansr Ilyaccoaa, ~aIOIUHe pememre sanasa: 

)l;Hpmrne .nmr mapa, nonynnocxocra H nonynpocrpaacrsa. Harerpan Ilyaccoaa 
6bill snepssre paCCMOTpeH C. Ilyaccoaou (1823). Crporas TeopHM sroro 
aarerpana 6brna C03~aHa r. Illsapnesr (1869). 
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r JIABA 9. PEmEHHE ,l(H<P<I>EPEHD;HAJIhHLIX YPABHEHHH 
METO,l(OM KOHEQHLIX PA3HOCTEH 

TIPH qHCneHHOM peIlIeHHH ~H«p«pepeHUHanbHblx ypaBHeHHH B qaCTHbIX 

IlPOH3BO~HbIX aanfionee qaCTO acnom.syior uemoo KOHe'lHblX pa3HOCmeU 

(~yroe aassaaae - uemoo cemoxi, MeTO~ KOHeqHbIX 3neMeHTOB WH 

crtexrpansasrii MeTO~. B HaCTOUlreM 1l0C06HH pacccaarpasaerca TOnbKO 

MeTO~ KOHeqHbIX palHOCTeH. 

9.1. MeToJI KOHe'lHblX pasaocrett 

B OCHOBe penrenaa ypaBHeHHH B qaCTHbIX rrpOH3BOJIHbIX MeTO~OM 

KOHeqHbIX palHOCTeH nezcar KOHeqHO-palHOCTHM annpoxcaaanaa 
IlPOH3BOJIHbIX. 3TO 1l03BOnKeT npeoopasosars HCXOJIHOe ypasnenae B qaCTHbIX 

IlPOH3BOJIHbIX (WH cHcTeMY TaKHX ypaBHeHHH)B cHcTeMY anrefipaaxecxax 

ypaBHeHHH (WH o6bIKHoBeHHbIX ~H«p«pepeHUHanbHbIX ypaBHeHHH). Pemeaae 
nonyseaasrx CHCTeM ypaBHeHHH IlPOH3BO;D;HTCM H3BeCTHbIMH 

MaTeMaTH'leCKHMH MeTO~aMH H 06blqHO He IlpeJICTaBnMeT Tpy~HOCTeH, 

ocofeano npa HanHqHH COOTBeTCTByroIIIHX KOMllbIOTepHbIX rrporpasea. 

Armpoxcaaanaa OCYIIIeCTBnKeTCM B TpH arana, Caaxana B 06naCTH 

pemeaas BBOMT paBHOMepHYIO ceTKY «Y3nOBbIX roses», COOTBeTCTByroIIJ,yro 

xapaxrepy 3aJIaqH H rpaHHqHbIM ycnosaaa. 3aTeM pentaesroe ypasaenae B 

qaCTHbIX npOH3BO~HbIX 3anHCbTBaIOT B aaafonee y~o6110H CHCTeMe KOOpJIHHaT 

H, Ilpe~CTaBnKM IlPOH3BO~Hble B KOHeqHO-palHOCTHOH «POpMe, npHBOMT. ero K 

BH~ PalHOCTHOro ypasaeaaa. Ilonyseaaoe PalHOCTHOe ypasaenae 

Hcnonb3YIOT B ~anbHeHIlIeM MM OnHCaHHK «PYHKUHOHanbHOH CBM3H Me~ 

cocenaaxa Y3naMH ceTKH. PalHOCTHOe ypasneaae 3arrHCbIBaIOT MM ncex yJnOB 

ceTKH H nonyxarcr B pesynsrare CHcTeMy n ypaBHeHHH C n HeH3BeCTHbIMH. Ha 

IlOCne~HeM srarre nonyseaayro CHCTeMY n ypaBHeHHH C n HeH3BeCTHbIMH 

peIlIaIOT O~HHM H3 qHCneHHbIX MeTO,LlOB. 
Ha nepssnl B3rnK,Ll, 3Ta npouenypa, COCTOMIIIM H3 rpex 3TarrOB, MO)l(eT 

1l0KalaThCM npOCTOH H npMMO Be~eH K peIlIeHHIO. O,LlHaKO na CaMOM ,Llene 

3TO He TaK - urapoxoe paanoofipaaae THnOB H pasaepoa cerox, BH,LlOB 

ypaBHeHHH B qaCTHbIX npOH3BOJIHbIX, B03MO)l(HbIX KOHeqHO-palHOCTHbTX 

anrrpoxcasrauait 3THX ypaBHeHHH H MeTo,LlOB penrenaa nonyxaeasrx CHCTeM 

ypaBHeHHH ztenaror sanasy qHCneHHoro peIlIeHHK ypaBHeHHH B qaCTHbIX 

IlPOH3BO,LlHblX HCKnIOqHTenbHo MHororpaHHbTM H HHTepeCHbIM HCCne~OBaHHeM. 

PaCCMOTpHM HH)I(e ararrsr penieaas [12,13]. 

9.2. <POPMYJlbl 'IHCJleHHOrO JIHcjlcjlepeHIrHpoBaHHH 

TIyCTh x - nro60H H3 Y3nOB Xi aarepaana [a, b]. Torna ,Llpyme Y3nbI 

MoryT 6bITb BblqHCneHbI no «popMynaM 
x+kh, k=0,±I,±2,... (9.1) 
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TIpH6JIH)I(eHHOe BhlqHCJIeHHe npOH3BO~HOH <PYHKQHH ytx)
 
d"

~(x\ s~l 
dx' " 

B Y3JIe x no 3HaqemUIM <PYHKQHH B Y3JIax y(x + kh) Ha3bIBaeTCH 

'1UCJleHHblM ou,p,pepeHIJUp08aHUeM. 

. TIpe~nOJIO)l(HM, 'ITO y(x) E C2 [a,bl x< b., Pa3JIO)l(HM y(x + h) B 

PH~ TeHJIOpa zto qJIeHOB aroporo nopsnxa, I1MeeM 

y (x + h) =y(x) + ~(x) h +O(h2). 
dx 

Orciona HaxO~HM, 'ITO
 

dy(x) _ y(x + h) - y(x) + O(h).
 
~- h 

YqHTbIBaH, 'ITO X - 3TO Y3eJI Xi, nonysaex ~BYXTOqeqHYIO <POPMYJIy ~ 

nepsoit npOH3BO~HOH - ~H<p<pepeHQHpOBaHHe snepezi: 

dy(x,) _ y(xI+ 1) - y(x;) +O(h), 
O~i~m-\. (9.2)

~- h 

06bIqHQ non <pOpMyJIOH qHCJIeHHOrO ~H<p<pepeHQHpOBaHHH nOHHMalOT 

npH6JIH)I(eHHOe paBeHCTBO 

~(x,) =r(X,.,) - y(x;) 

dx h 
Pa3HOCTh 

R _ dy(x;) _ y(x;.,) - y(x,) 
- dx h ' 

BbIqHCJIeHHaH ~JIH <PYHKQHH y(x) E C2[a,b1Ha3hIBaeTCH nozpeuinocmsto 

annpOKCUMaIJUU. ,lVIH (9.2) HMeeM 

R=O(h), h~O. 

TO'lHOCmblO (HJIH nopsnxox roxaocra) annpOKCUJ,WIJUU Ha3bIBaeTCH 

nopsnox CTeneHH h, C KOTOpbIM R (h) crpesorrca K HyJIIO npa h -+ O. ):(JIH 
(9.2) nopanox TOqHOCTH - nepssril.
 
AHaJIOrHqHO BbIBO~HTCH ~BYXTOqeqHaH <popMyJIa .n.rrH nepaoa npoH3Bo~HOH ­


~H<p<pepeHQHpOBaHHe Ha3M:
 

dy(x,) _ y(x,) - y(x'_I) + O(h), 1s j s m. (9.3)
~- h 

DOJIee TOqHOH HBJIHeTCH ~ByxTOqeqHaH <popMyJIa ~JIH nepsoa npoH3Bo~HOH ­

QeHTpaJIbHaH Pa3HOCTh 
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dy(x,)=y(x>+,)-y(x,-I)+O(h2), l~i~m-1. (9.4) 
dx 2h 

<1>opMYJIa (9.4) sepna, eCJIH. y(x) E C3 [a,b]. ,[(JIH nepsoti npOH3BO~HOH 
MO)I(HO ssrrracars MHoroTOqeqHbIe <P0PMYJIhI, nanpaaep rpexrosesnas 
<popMyJIa HMeeT BH~ 

dy(x,) _ - y(x, 2)+4y(x;+,)-3y(x,) +O(h2). 
~- 2h 

B o6meM BH~e MHOrOTOqeqHaH <poPMYJIa HMeeT (npa ~OCTaTOqHOH rJIa,lU<OCTH y 

(x) BH~ 

dy(x,) f' () O(hP)--= L.alY x, + ,
dx 1=0 . 

rne K03<P<PHQHeHThI at BbI6HpaIOTCH TaK, qTo6hI nopanox TOqHOCTH <pOpMyJIbI 

6bIJI p. Aaanorasasra nonxozr npHMeHHeTCH H ~JIH BbICWHX npOH3BO~HhIX. 

<1>opMYJIa qHCrreHHoro ~<p<pepeHQHPOBaHHH.n.rrHBTOPOH npOB3BO~HOH 
MO)l(eT 6hITb nonyxeaa cnenyronraa 06pa30M. Pa3rrO)I(HM y(x + h) H y(x - h) B 

PM Teanopa" no xneaos seraeproro nopaaxa 
2y(x)

dy(x) h 1 d h2 1 d'y(x) h' 0 (h4 )
(x+ h) =y ()X +-- +--- +--- +Y dx 2 dx' 6 dx'. ' 

2y(x) 
y(x-h)=y(x)- dy(x) h+.!. d h 2 _1. d'y(x) h' +O(h 4

) . 

dx 2 dx 2 6 dx' 

CJlO)I(HB JIeBbIe H npassre qaCTH nonyseaasrx Bhipa)l(eHHH, nOCJIe
 

npeoopasoaaaati nonyqHM:
 

4 2y(x) y (x+h)-2y (x) + y (x-h) 

-;J;2 h2 

Ilpeodpasye» nonyxeaayro epOPMYJIy K BH~, y~06HOMY ~rrH npaKTHqeCKOrO 

HCnOJIh30BaHHH 

d 2y(x,) y(x;+,)-2y(x;) + y(X;_I) +O(h2), (9.5) . 
---;;;z h2 

rne ~ BHYTpeHHHX Y3JIOB 1~ i ~ m - 1 . 

9 P~II Ha3B3H B qeCTI> aHrJlHllcI<oro MareMaTHI<a Bpyxa Teanopa, XOT~ paa TeilJIopa 61>lJI asaecres 3ll110JIro 110 
ny6JIHI<al\Hll TeilJIopa - ero HCnOJII>30BaJIH em! BXVII sese Fperopa, a TaKJl(e HbIOTOH. 
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Bpyx Teitrrop (aHrJI. Brook Taylor, 1685-1731) -llHTJlH~CKHH MaTeMaTHK. 

npHHHMaJI ysacrae B 3HaMeHHTOM cnope 0 npaoparere MellC,1l}' 

HblOTOHOM II JIe~6Hlfi1eM. B 1715r. Ony6JIHKOBaJI CBOH OCHOBHO~ 
Ha)"IHhIH TpaKTaT «Methodus incrementorum directa et inversa» (TIpJIMOH 

H 06paTHbI~ MeTO,ll npapameaaa). B HeM, KpOMe ssraozra em 3HaMeHHTOA 

<POPMYJlbI (pa3JIOlKeHHJI <PYHJCIVIH B creneaaoa PR,1J;), paCCMO~HbI 
aexoropsre 3a,llalffi HHreprrOJIHpOBaHHJI H C)'MMRpOBaHHlI 

rrOCJIe,llOBareJIhHOCTeH. OH nOJIOlKlIJI HaqaJIO MaTeMaTHqecKOMY 

H3yqeHHIO 3a,llalffi 0 KOJIe6aHHH CTpYHbI H pa3pa60TaJI reopmo xoaesmrx pa3HOCTeH. 

9.3. llpOCTeHWHe pa3HOCTHbIe cxeMbI 3a.lla1JH KOWH 

PaCCMOTPHM HCXO,llH)'1O sanasy KOliH na cerxe x, 0:<:; i s m : 

dY(x;) =1 (Xi' Y (X;)) Y (X =y(O)o)dx , 

3aMeIDIx JIeB}'IO xacrs ,lIH<p<pepeHl.\HaJIhHOro ypaBHeHHX <pOPMYJIaMH (9.2) 
- (9.4), nonysaev: 

Y (Xi+I) - Y (x,) = 1 (x" Y (x;)) +0 (h), 0 ~ i ~ m _I, 
h 

y(x,)-:-y(x;_,) = 1 (X,;y (x;}) +0 (h), I~i~m, 
·h 

y(X,+I)-Y(X'_I) =/(x"y(x;})+OW), I~i~m-I. 
2h 

ECJIH OroPOCHTh rrorpeunrocrs arrrrpOKCHMaI.\HH rrpOH3BO.!lHhIX B 3THX 

COOTHOlieHHXX, TO rrOJI)"iHM Pa3HOCTHhIe CxeMY: 

Y -'Y ( \ . 1 - (0)._'+_1__i =1 x;,y,,, O~l~m-, Yo _y , 
(9.6) 

Y - Y ( \. (0).
I i-I =1 Xi'Yi" 1~I~m, Yo ==y , 

(9.7) 

Yi+1 - Yi-I \ I < .< -I - (0)1 (x;,y;" _l_m , Yo -y .
2h (9.8) 

Pa3HOCTHhIe cxesrsr (9.6), (9.7) annpoxcasrapyror HCXO,llH}'IO aanaxy KOliH .!lJIX 

,lIOCTaTO'iHO rnaasax <PYHKUHH aa cerxe C rrepssnr rrOpX,lIKOM TO'iHOCTH, cxessa 

(9.8) - co BTOphIM rropanxov TO'iHOCTH. 

Cxesra (9.6) Ha.3hIBaeTCX XBHOH Pa3HOCTHOH cxeMoH, cxeasr (9.7), (9.8) _ 
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HeJlBHhIMH. TepMHHhI CBJl3aHhI C TeM, 'iTO <poPMYJIa (9.6) aaer B03MO)KHOCTh 

BhI'iHCJIHTh aaaxenae Yi+ I B CJIe.!l}'lOIIIeHTO'iKe CeTH Xi+1 rro XBHOH <popMyJIe 

Yi+1 = Yi + hi (xi' y,), 

eCJIH H3BeCTHO anaseaae Yi , B TO BpeMX KaK <P0PMYJIhI (9.7), (9.8) saaaior 
3Ha'ieHHX B CJIeLlYlOru;eH TO'iKe KaK HexBH}'IO <PYHKQHIO OT 3Ha'ieHHH B 

npensnrynurx rosxax. 
Cxesra (9.8) - He3aMKHYTM Pa3HOCTHaJI cxeaa B TOM CMhICJIe, 'iTO CHCTeMa 

ypaBHeHHH (9.8) HMeeT m+ 1 HeH3BeCTHoe Yi , 0:<:; i :<:; m, H TOJIhKO m 

ypaBHeHHH. 3aMKHyTh cHcTeMY MO)KHO no-paaaovy. 1.1T06hI He norepsrs 

BTOPOH nopsztox TO'iHOCTH arrrrpOKCHMaQHH, 06hI'iHO 3aMeIDlIOT 

I(x;,y,)== ~ if (Xi_I' Yi-I)+ 1 (Xi+!, Yi+Jl 

mar ceTI<H YBeJIHtIlIBaIOT azrsoe H nonysaior CJIe,llyIOIIJ;yIO HeXBH}'IO cxesry: 

Yi+1 - Y; I [I ( ) 1 ( )~=2" «,Y; + xi+l' Yi+1 'J' (9.9) 

1:<:; i s m, Yo = y(O). 

Pa3HOCTHaJI cxessa Ha.3hIBaeTCX yCTOH'iHBOH aa MO.!leJIhHOH saaase, eCJIH 

HaKOIIJIeHHe rrorpenraocra rro marax He 3aBHCHT OT 'iHCJIa uraros, T. e. 

~ r:' ehACk-I)1 < 1< . < _ _ mI L..J - c, I . (9.10) 
k=1 ' 

rzte KOHCTaHTa C He 3aBHCHT OT m.
 
Pa3HOCTHax cxesra Ha.3hIBaeTCJI CXOOJlUWUCJl «a MOOeJIbllOU saoaue, eCJIH
 

maxlYi - y(x;>l-+ 0 npu h -+ 0 
l.fl.fm 

9.4. MeToA CeTOK AJlD ypaaaeaaa uapa60JlH1JeCKoro Tuna 

PaCCMOTPHM CMeliaHH}'IO saztasy .!lJIX ypaBHeHHJI TeIIJIOrrpOBO,llHOCTH, a 

HMeHHO: HaH,lI,eM <PYHKQHIO utx, t), Y.!lOBJIeTBopXlOIIJ;yIO ypaBHeHHIO 

au 2 a2u 
-=a - (9.1 I) at ax2 , .. 

HatIaJIhHOMY ycnosmo 

U (x, 0) =I(x) 

H xpaessoa yonoaassr 

(0 < x < s) (9.12) 
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u (0, t) = II' (t), u (s, t) = If (t) 
(9.13) 

K saztase (9.11) - (9.13) npHBO,l{HT, B 'IaCTHOCTH, aazaxa 0 pacnpocrpanenaa 
renna B O~HOPO~HOM CTepX(He MHHbJS [13]. TIyreM BBe.ll;eHIDI: HOBOH 
nepeMeHHoH T = a 2t B ypasnenne (9.1) npasenea K sany 

au a2u 
aT =ax2' 

,lI,ml npOCTOTbJ, npHMeM, a=I. TIOCTpOHM B nonynonoce ~, o~ x ~ S (PHC. 
9.1) ~a ceMeHcma napannensasrx npjJ.MbJX: 

x =ih (i =0, 1, 2, ...), t =jl (j =0,1,2, ...) 

t 

PHc,9.1.PaJ6HBKa nOJIyIIOJIOCbI aa 
Y3JIbItL 

q 

0603Ha'IHM Xi = ih, I j = jl, U(Xj , I j ) = Uij H npH6JIIDKeHHO 3aMeHHM 

. .' . fiu
 
B Ka,JK)J;OM BHYTPeHH~M Y3JIe.(xb~) npoassojnryro Bx

2 
Pa3HOCTHbIM OTHOUIeHlfeM
 

a2
u) .. U,+l.} -2u,} +UH,}(ax 2 h2 (9.14) 

i j 

au
TIPOH3BP~H)'lO nepsoro nopaaxa at npe~CTaBHM O~HHM H3 ~BYX PaJHOCTHbIX 

OTHOUIeHHH 

(au) _U"j+I-Uij 

- - I ' (9.15)at IJ 

(au) _U,j-Ui,j_l 

- - I (9.16)al ij 

Torna AlliI ypaaaeaas (9.11) npa a = 1 nonyxaesrnaa rana KOHe'IHO-paJHOCTHbIX 
ypaBHeHHH: 
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U,,}+I -u' J _ Ui+I.} -2u,} +Ui _ I,} 
(9.17)- h2 

U - U,,}_I _ Ui+1,} - 2u,} + u,_J, } 
'} (9.18)- h 2 

1
0603Ha'IHB npHBO~ 3TH ypaBHeHIDI K BH,Aya=I1' 

Ui,}+! = (1- 2a) u'} +a (u,+J, ) +U,_I.), (9.19) 

(l+2a)u,) <a (Ui+ 1, ) +Ui_1,)-U,,}_1 =0. (9.20) 

OTMeTHM, 'ITO AJUI COCTaBJIeHIijJ. YPaBHeHIijJ. (9.17) 6bIJIa acnonssoaaaa cxesa 

Y3JIOB - jJ.BHlUI cxeaa (pHc.9.2), a AlliI ypaaaeana (9.18) CXeMbI Y3JIOD B3HTa 
HeHBHlUI cxexsa (pHc.9.3). 

(l,j f 1) a-u: (lj) (i.+IJ) 
'II , /1' 

l 

!J!J 

(i-fJJ (l+lj)o.n (i,j- 1) 

PHc.9.2. ..sIBHlUI cxesraY3JIOB PHC.9.3. HeHBHlUI cxesraY3JIOB 

TIPH BbI60pe 'IHCJIa o B ypaBHeHIDI:X (9.19), (9.20) cnenyer yqHTbIBaTb 
zma o6cTOjJ.TeJIbCTBa: 

1) norpennroers 3aMeHbI ,l{H!p!pepeHI.\HaJIbHoro ypasaeaaa Pll3HOCTHbIM ~OJI)f(Ha 

6bITb HaHMeHbUIeH; 
2) paJHOCTHoe ypasaeaae ,LlOJDKHO 6bITb YCTOH'IHBbIM. YpaBHeHHe (9.19) 6Y~eT 

YCTOH'IHBbIM npa 0 < o ~ 1/2, a ypasaeaae (9.20) - npa mo60M cr. 
HaH60JIee y~06JII,Iil BIm ypasnemre (9.19) HMeeT npa o = 1/2: 

U u,_J . +U 
1,)+1 = ,J I+I,J (9.21) 

2 
Hrrpa c '= 1/6: '" 

U,,}+l =61 
(Ui-I,) +4u,} +u'+J,}). (9.22) 

OueHKH rrorpeIIIHOCTeH npH6JIH)J(eHHbIX pememra, nonyseaaux H3 ypaBHeHHH 
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(9.20), (9.21), (9.22) B nonoce O:s x:S S,osrs T, COOTBeTCTBeHHO HMelOT BH,D;: 

-/ TU-U ::;-M\h2 , (9.23)I 3 

lu - iiis I-M h4 (9.24)135 2 , 

2 

I h )lu - iil ::; T -+- M (9.25)( 2 12 I' 

rzte U - TOtIHOe pemeaae 3a,n:a'IH (9.11) - (9.13), 

M] = max {lf4)(xJ!. 11p'(I)I, 1\11'(1)1) 

npa 0 s t s T, O:S; x s s, 

M 2 =max(If(6)(xJ!. 11p(4) (1)1, 1\11(4) (1)1) 

npa 0 SIS T, 0 S x :0::: s • 

113 npaaeneansrx OQeHOK rrorpeIIIHOCTeH BH,D;HO, 'ITO ypaaaeaae (9.22) 
naer 60JIee BhICOK)'lO TOlffiOCTb peWeHIDl,'1eM ypasaeaae (9.21). Ho ypaaaenae 
(9.21) HMeeT 60JIee rrpOCTOH BH,D;, a, xpoxe roro, war 1 rro apryueary t ,ZVllI 

ypaaaeaas (9.22) ',lloJDKe~ 6bITb JHa'llITeJIbHO MeHbwe, 'ITO npasonar K 

60JIbWeMYo61>eMY BhIlfHCJIeHHH. YpaBHeHHe (9.20) ;l(aeTMeHbIJ.IYlO TOtIHOCTb, HO' 

npa 3TOM mam I H h BhI6HparoTCa HeJaBHCHMO zrpyr OT zrpyra, 113 <p0PMYJIhI 

(9.25) BH,llHO, 'ITO )lJIa ypaaneaas (9.20) ouenxa norpennrocra JaBHCHT KaK OT 

BeJIWnrnhI I , TaKR OTBeJIR'lHHbI t. 
YpaBHeHHa (9.21) R (9.22), peaJIRJ)'l9IUHe JlBH)'lO )'3JIOB)'lO cxesry, 

rrOJBOJOOOT BhI'lHCJIRTh JHaqeHIDI <PyHKu;RR u(x,yj na KIDK,l{OM CJIoe no aBHbIM 

<poPMYJIaM sepes JHaqeHRa aa rrpe,llhI):lyILJ;eM cnoe; ypasaeaae (9.20) (aesssas 

cxessa) 3mM CBOHCTBOM He 06JI8,llaeT. MeTO,llOM ceTOK MOJKHO peurars 

CMemaHH)'lO xpaesyio sanasy )lJIa HeO,L\HOp0,llHOro napaoonasecxoro ypasneaaa 

2 au _au + F (x, t).
-- 2at ax 

Torna COOTBeTCTB)'lOmee pasnocraoe ypasaeaae, HCrrOJIbJ)'lOILJ;ee aBHyIO 

cxessy )'3JIOB, HMeeT BH,D; 

u'.i+1 =(1- 200) u; i + a (UI+1.1 + U;_I.i)+ IF; i: (9.26) 

OrcIO,L\a nonysaeu npa a =1/2 
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(9.27)
Ui• i +1 = ~ (Ui+l•i +Ui-I,J+IF;j' 

a npa a = 1/6 

Ui • i +1 =~ (Ui _ l, J + 4uj i + Ui+I,J+ IF; i : (9.28) 

B 3TOM cnysae OQeHKa norpenraocra pemenas ,l\JUI ypasaeaas (9.27) 

MO)l(eT 6hITb onpeneneaa H3 cnenytomero BbIP~eHIDl: 

lu-ul ::;~( M 2 +~M4) e, 

r JIABA 10. PEIIIEHlIE 3MAq TEIIJIOTEXHHKH B MAmCAD H
 
EXCEL
 

,UruI penreaas CTaIJ,HOHapHhIx Ja,n:a'l TerrJIOrrpoBo,llHOCTR B MathCad, B 

JaBRCHMOCTH OT rana ypaBHeHIDI H Ja,n:aBaeMbIX rpaaasasrx yCJIOBRH, MoryT 

6hITb HCrrOJIbJOBaHbI ormaa relax, multigrid HJIH Pdesolve. B npyrax, 60JIee 

CJIO)l(HbIX cJIY'laJlX, rrpRXO,L\RTbCa npafierars K nporpasorapoaaamo B 
MathCad. B Excel rrO,L\06HbIX OrrIJ,HH MathCad HeT H I103TOMY Heo6xo,L\HMO 

roxe nporpaxsrapoears, Cyseroa oco6eHHOCTeH 3JIeKTPoHHoH Ta6JIRIJ,bI. 

10.1. OnQHH relax 

~UI peureaaa ypaBHeHHa Ilyaccoaa HJIR Jlannaca aa ofinacra, RMelOILJ;eH 

«eaopamnyo <poPMY D={(x, y):a<x<b, c<y<d}B MathCadMO)l(HO 

BOCrrOnbJOBaTbCa <PYHKIJ,HJlMH relax H multigrid (14-16]. <l>yHKIJ,Ra relax 
RCrrOJIbJyeT MeTO,L\ peJIaKCaIJ,HH ,llJIli aaxoacteaas rrpH6JIH)I(eHHoro pemeaas. 

Ilpn 3TOM ypasaeaae Ilyaccona HJIR Jlannaca npencraansercs B BH,lle 

KOHe'lHbIXpasaocrea: 

(10.1) 
aj,kUj+l,k +bj,kUj_l,k +Cj,kUj,k+l +dj,kUj,k-l +ej,kuj,k <I,». 

OrrQIDI relax(a, b, c, d, e, f, D, r) conepxar: a, b, c, d, e - K6aopamHbie 

K03<p<pRIJ,ReHThIMaTpRUhI O,L\HOro R roro )I(e pasvepa, conepacaurae 

paJHOCTHoro ypasaeaas (10.1). MaTPHIJ,au npenerasnser cooon «eoopamuyo 
MaTpRllY, KOTOpaJI conepaorr 3Ha'leHRlI HCKOMOH <PyHKIJ,RR aa rpamntax 
otinacra H naxansaae JHa'leHHlI )lJIa rrOHCKa HCKOMOH <PyHKIJ,HH BHyTpH ofinac­

TH. OrrUHlI relax HILJ;eT HCKOMoe pemeane HTepauHoHHbIM MeTo.n.OM, a 

napaxerp r aansercs crreKTPaJIbHhIM pa,n:HYCOM arepanaa 51.Ko6R. 3TOT 

napaaerp KOHTpOJIHpyeT CXO.n.HMOCTb penaKcauHoHHoro aJIrOpHTMa. OH 

npaaaxaer snaseaae B RHTepBaJIe (0, 1), O.n.HaKO, ero orrTRMaJIbHaJI BeJIWIHHa 
JaBRCHT OT KOHKpeTHoH Ja,n:a'lH H MO)l(eT 6blTb orrpe,L\eneHa B 3aBHCHMOCTR OT 
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21r
KOJUNeCTBa Y3nOB n cerxa H3 tPOpMynbI r = 1--. O,ll;HaKO, na npaxraxe 

l > 0 .. 4 i:= 0.. 4 

,,"'Iut / 

PeUJeHlole ypaBHeHl1l'1 Jlannaca 

C03,l\aHlole paBHoMepHoil CeTKI1: t.x:= 0.1 to.y:= 0.1 
Xi:= to.x.iYj:= to.x·j n 

rpaHI14Hbie ycnOBloll'lsaaaeaaer 06bIqHO HaXO.nHTCH no.n60pOM. 3TOT napaaerp, KaK npasano, HMeeT 
neBal'l CTopOHa nIlaCTIolHbl rt (y) := 273+ 67·1 .L,O:=r1(Yj)
 

Ilpasrep 10. MMeeTcH TOHKaH «eaopamuas MeTallnHQeCKaH IIJIaCTIllia (PRC.
 
saaxeaae 0,95. 

BepXHl'Il'I CTopOHa nIlaCTIolHbl r2(x):= 273 + II.COS( n.~) To, i := r2(Xi) 

10.1). Ha Ka.JK,[lOR H3 xersrpex rpaaea (rpanau) F H3BeCTHO pacnpeneneaae 
reaneparypsr (cxanspaoe none). Fpaaasasre yCJIOBHH, sanaaasre aa rpaaax npaBal'l CTOpoHa nIlaCTIolHbI r3(y) := 328 - 18·1 Tj,4:= r3(Yj) 

nnaCTHHbI npasenensr B Ta6n.10.1. Tpetiyercs HaRTH nOJIe rexneparypsr T(x,y) Hl1lKHl'Il'I croposa nIlaCTIolHbl r4(x):= 380 - 20.Sin(n.~) T4, i := r4(Xi) 
anyrpa nnaCTHHhI. 

MaTpl111a C rpaHI14HblMI1 ycnOBl1l'1MIol 

284 283.966 283.865 283.696 328I; 
PHC. 10.1. <I>opMa 273.67 0 0 0 327.82 

.YCl
:\ f) nnaCTHHbI T = 275.68 0 0 0 327.28 

326.38279.03 0 0 0[ 
o r, 1 ;r 380 376.871 373.82 370.92 368.244 

I<03epepl111l1eHTbl 113 ypaBHeHloll'l Jlannaca B KOHe4HbiX pa3HOCTl'IX 

aj,i := Ibj,i := l£j,i := Idj,i:= I~,i:= --4fj, i := 0 
Ta6JIHI.\a.1 0.1 

= J 

= t 
=t; 
== .,Q 

= =Co 

'" ell =III 
u 
~ 

rpaaa-nnae 
YCJlOBHH 

T(ft} =273+67y K 

PeUJeHl1e ypaBHeHl1l'1 r:= O.~ 

BepXHHH rpaas T:= relax(a, c.c. d, e, f, T, r) 

nJIaCTHHbI 284 283.966 283.865 283.696 328 ] 

rpanaxmae YCJIOBHH 279,84 300,234 307.548 314.049 327.64 

T(f2)= 273+ 11cos(nx/4) T = 332 329.582 332.045 337.314 348.122 

K 356 354.048 353.738 355.039 358.183 [ 

380 376.871 373.82 370.92 368.244Pacrrpe.neneHHe rpaHHlfHble 
= J 

reaneparypsr T(x,y) Ha yCJIOBHH Pacnpenenexae reaneparypsi no noaepxsocra nIlaCTI1Hbl= trrosepxnocra IIJIaCTHHbI =t;T(f3) =328-18y2
 

ypaBHeHHeMflallJIaca K =
 onHCbIBaeTCH 
.,Q 

= /!,.T=O 
Co= 
'" ell 

=III 
Co= 

t= 
rpaaasnsre ycnoaas
 

T(f4) = 380-20 sin(nx/2)
 
K
 

HH*HKH rpans
 

DJIaCTHHbI
 01 ! I' II 

o 

TPeineaae 3lU\atrn B MatbCad .npaneneao aa pac.l 0.2. 

PI1C, 10.2. Jlacraar rrpOrpaMMbI pemeaaa ypaBHeHHH Jlannaca BMathCad 
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.. 

~..-:; 

"ceil 
i'~ 
1'! ..~.>:~~ 
H~ 

.<.-::~ 

30 

(10.2) 

aDO, 

~3' 
,,0.011" IO.O.!-/ 

JO10 

rpa¢MK reuneparypaax nMHMil 
ypOBHR 

o f in ,0 , I 
o 

3D-j~ 

)Q.~I8i:J UO)I 

O.oJ\.~ 

~ .j:~ l (~0'01 
~0.01 

n 

10· 

s 

) 
p..

aT =~ a2~ -kJT4 -T0 
4)-k

2(T-To + S.C-p.I'at c-p ax 

O.OJ· 

0.04· 

s 

0:= 2 
.§.:= multigrid'M, n) 

npoCTpaHCTBeHHblH rpa¢MKTeMnepBTYpHblX 
noneil nnaCTMHbl 

Ha pac.l 0.4 npe.a;CTaBJIeHO pemeaae ypasaeaas Ilyaccoaa C nHTblO 

IfCTO'lHHKaMIf TeIIJIa. 

PeweHMR ypaBHeHMR nyaccoua CnRTblQ IoICT04HMKaMM renna 
Pa3Mepbl nnaCTMHbI J!..;=32 KpaeBbleycnOBIoIR MR,R:= 0 

M R R := -45 M R R := 25 M R R:= -4C M R R := -9C MR_4 R-4 := -95 

4,3'4-4 3'4'4 4'4 8,3'4+ 4 • 

PeweHMe ypaBHeHMR 
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10.3. OnUHH Pdesolve 

PHC.lO.4. JIlfcTHHr nporpaxeasr pemeaas ypaBHeHIDI Ilyaccona C nsrsro 
IfCro'lHlfKaMH TeIIJIa B MathCad 

B Ka'leCTBe MaTeMaTH'IeCKOH Mo.a;enH 'IaCTO HCnOJIb3yeTCH O,llHOMepHOe 

ypasneaae TeUJIOrrpOBO)J;HOCTH .a;JIH TOHKOro CTep)l(HH KOHe'lHOH ,llJIHHbI. Taxoe 
ypasaeaae, HaIIpHMep, MO)l(eT 6bITh HCrrOJIb30BaHO ,llJIH onacanns rrponecca 
pa30rpeBa TepM03MHCCHOHHoro xarona B raaopaspanaax rrpafiopax [17]: 

rne T - resorepatypa xaroza; To - resmeparypa OKpy)l(aJOIUeH cpensi; I, S ­
.a;JIHHa If nnomans nonepesaoro Ce'leHIDI CTep)l(IDI, COOTBeTCTBeHHO; C ­
TeIIJIOeMKOCTh CTepiKIDI; I - K03q>q>lfuHeHT TeIIJIonpOBO,llHOCTH CTep)l(IDI; P; ­
MOIUHOCTb HaKaJIa; r - nnOTHOCTh MaTeplfaJIa CTep)l(IDI. Flepssrk, BTOpOH H 

TpeTHH 'IJIeHbI npaaoa 'IaCTH ypasaeaaa CBH3aHhI C TenJIOBbIMIf rrOTepHMH sa 

30 

M R R :=-4C 

4' 4 

'" 

CKooPAMHaTaMM (8;8) 

10 

~.UU5 

( ~.Ol"'\ 
o.OfJi~ ') 0\05 

u 
l :.)UliJOOI5! J 0/' 

r MI ( 
r-; -lI:b1oUIlO.OJ U.0fJ5 .uJij)
~~/ 
o.~ 

o 

rpa¢IoIKTeMnepaTypHblx nlolHMH ypoBHR 

o f )0 '. ---r-J 
U 

C KooPAMHaTaMM (8;20) 

M R R :=-45 

4,3'474 

PeweHMeypaBHeHHR 

30JO10 

n:= 2 

M R R:=25 

3'4'4 

CKooPAMHaTaMH (24;8) 

0.01 

U.ro 

0.03 

~:= multigridMj n) 
npoCTpaHCTBeHHbill rpa¢MK TeMneparypHblx 
nonea nnaCTHHbl 

s 

PeweHIoIe ypaBHeHIoIR nyaccoHa CTpeMR IoICT04HMKaMM renna 
Pa3MepnnaCTIoIHbl £i= 32 KpaeBble ycnoBMR M

R,
R := 0 

MOUjHOCTb MCT04HIoIKa renna Ng1 MOUjHOCTb ~CT04HHKa renna N22 MOUjHOCTb HCT04HHKa renna
N!!3 . 

10.2. OnUHH multigrid 
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ECJIH aa rpananax 06JIaCTH pemeaaa rrOMepiKHBaJOTCH HYJIeBhIe 

rpamoraae yCJIOBIDI, 60JIee y,l106HOH xanaercs orrUIDI multigrid(M, n), rzteM _ 

1 + 2 
0 

- «eaopamuas MaTpHua, 3JIeMeHTbI KOTOpOH pasasr q>YHKUHH 

HCTO'lHHKa B COOTBeTCTByroIUIfX rosxax xeaopamuou otinacmu. Ilapaxerp n 
. noxaasrsaer 'IHCJIO UIfKJIOB na KaiK,llOM yposae arepanaa omnra multigrid. 

06bI'l:HO xoponree npH6JIlfiKeHHe K penreaato ztaer aaasenae n = 2. 

PaccMOTpHM npaxep penreaas cranaoaapaoro ypaBHeHIDI re­
rrJIOnpoBO,llHOCTH C nOMOIUhlO omnra multigrid. Penrav 'IIfCJIeHHO .llByMepHoe 

ypasaenae Ilyaccoaa i1T =-k C 3a,llaHHbIM paCrrOJIOiKeHHeM Tpex TO'le'lHbIX 

HCTO'lHlfKOB TeIIJIa H HYJIeBOH TeMIIeparypoH na KpaHX rrJIaCTHHbI. Ilpa 3TOM 

HaH,lleM cranaonapaoe pacnpenenenae resmeparypsr T BHyrpH nnacraasr 
panaepox 32x32M2, rne conepsorrca 3 rosesasrx HCTO'lHHKa TeIIJIa: N!!l 

MOIUHOCThlO 25 KBT C KOOp,llHHaTaMIf (24;8), NQ2 MOIUHOCTblO -45 KBT C 

KOOp,llIfHaTaMH (8;20) H N!!3 MOIUHOCTblO "40 KBT C KOOp,llHHaTaMH (8;8). O,llHH 

IfCTO'lHHK C rrOnO)l(HTeJIbHOH MOIUHOCThIO ssrztenser renno, H B zrsyx TO'lKaX 

. npoacxonar JIOKaJIbHbIH OTTOK TeTIJla. Pemeuae aanaxa nOKa3aHO na pac. 10.3. 

s 
PHc.lO.3. JIHcTHHr nporpasoau pemeaas ypallo"lefU1H Ilyaccona C TpeMH 

IfCTO'lHIfKaMlf renna B MathCad 
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C'IeT ~ep>KaTeJIeH KaTOAa, JIY'fHCTOrO rennoofeaeaa H TeIIJIOnpOBO~OCm rasa, 

COOTBeTCTBeHHO, a xerseprsrit 'IJIeH o6yCJIOBJIeH MO~HOCTblO HaKaJIa. 

YpaBHeHIDI (10.2) npHHHMaeT 60JIee npocroa B~, eCJIH npeaeopess 
BJIIDIHHeM JIY'fHCTOro rennoofisreaa H TenJIOnpOBO~HOCTH rasa. B 3TOM cnyxae 
ypasneaae (10.2) HMeeT 

CJIe~~H BHA:
 

aT _ a 2T 
~ r;
 

- a 2 + fJ, r~e a = - H fJ =-- (10.3)
at ax C'p S·C·p·! 

)lIDI pemeaas ~H<p<pepeHUHaJIbHblXypaBHeHHH B 'IaCTHblX npOH3BO~HblX 

rrapa60JIH'leCKOrO rana, a K HeMY OTHOCHTCli H ypasneaae (10.2), B nOCJIe~HHX 

. sepcaax MathCad, aanpaaep, MathCad 13, HMeeTCJI <PYHK~IDI Pdeso1ve. 

<l>yHKIIIDI Pdesolve(u.x.xrange,t,trange,Nx,Nt) BKJIIO'IaeT cnenyiouree 

aprysrearsr: 
•	 U - HMJI <P)'HKUHH u(x,t), OTHOCHTeJIbHO KOTOpOH penraerca ypasaeaae. 

):Vrll CHCTeMbl ypaBHeHHH snecs ~OJI)KeH 6blTb BeKTOp HMeH <pyHKIIHH; 

•	 x - HMJI rrpOCTpaHCTBeHHoH nepeaeanoa; 

•	 xrange - AByxKoMrrOHeHTHbIH BeKTOp, 3aAaJO~HH Ha'laJIO H KOHeII 

HHTepBaJIaH3MeHeHIDI npoCTpaHCTBeHHOH nepexeaaoa; 
•	 t - HMJI BpeMeHHOH nepexeaaoa; 
•	 trange - ~BYXK9MrrOHeHTHblH BeK,!:Op. 3TOT BeKTOp 3MaeT Ha'laJIO H 

KOHeII spesreaaoro HHTepBaJIa, aa KOTOpOM pemaercs sanasa; 

•	 Nx, Nt - KOJIH'IeCTBO TOqeK, PaJ6HBaJO~HX )l.IUI HHTerpHpoBaHIDI­

rrpOCTpaHCTBeHHbIH H BpeMeHHoH HHTepBaJIbl COOTBeTCTBeHHO. 3TH nsa 

napaxerpa MO>KHO He yxassraars, rorna KOJIH'leCTBO TOqeK 6y~eT 

Bbl6paHO aBTOMam'leCKH H3 C006pa>KeHHH~OCTaTO'lHOH TO'lHOCTH. 

Bapaaaru sarraca <pyHKIIHHPdeso1ve: 

1.	 C BapHaHTaMH pa36HBKH npocrpaacraenaoro If.speveaaoro HHTepBaJIOB. 

PdeSO!v{u,x{~}t{~J.NX,Nt J- Mll pemeaax onaoro ypasaeaas: 

PdeSO!v{(:J.x'(~J.t,(~J.NX,Nt J- ~JIlI peureaas CHCTeMbl H3 ~BYX ypaBHeHHH. 

2. Bes pa36HBKH npocrpaacrseaaoro H apexeaaoro HHTepBaJIOB: 

PdeSO!v{u,x.(~}r.( nJ- )l.IUI peureaas onaoro ypaBHeHIDI, 

PdeSO!v{(:JX.( ~ Jr.(~ JJ- ~JIli peurenas CHCTeMbl H3 ~BYX ypasaeaaa. 

88 

BCTpoeHHaJI <pyHKIIIDI Pdeso1ve npaxeasercs B paMKax 

Bbl'lHCnHTenbHoro finoxa, aasaaaiomeroca KJIlO'IeBbIM cnOBOM Given, H 

nparonaa ~JIlI peureana Pa3JIH'IHblX rHrrep60JIH'IeCKHX H napa6onH'IecKHX 

ypaBHeHHH. OHa npenaasaaaeaa ~JIli pemeaas O~HOMepHoro ypaBHeHIDI (HnH .. 
CHCTeMbI ypaBHeHHH) B 'IaCTHbIX rrpOH3BO~HbIX, C nepeMeHHblMH no BpeMeHH t , ' 

H npoCTpaHCTBeHHOH xoopnaaare X. OnIIIDI Pdesolve HMeeT cne~~e 
'1','1il"

oco6eHHOCTH: 
•	 ypaBHeHIDI B 'IaCTHbIX npOH3BO~HbIX 3anHCblBaIOT C nOMO~blO 

11111!li6yJIeBCKHX3HaKOB paBeHCTBa; 
•	 see <pyHKIIHH H npOH3BO~Hble AOn>KHbl onpe~enllTbCli KaK <PYHK~HH ~BYX 'i'I 

I,
nepeveaaux; 

•	 B xaaecrse rpaaasasrx ycnoaaii B TO'lKaX 0 H L MO>KHO acnomaosars 
I!II

KaK ycnoaas ,Z:(HpHXJIe, TaK H ycnosna Heieaaaa; 
•	 Mll penreaas ypaBHeHIDI Ilyaccoaa HJIH ypaBHeHIDI Jlannaca ~aHHaJI
 

orrIIIDI nenparozma (BMeCTO nee cnenyer acnonsaosars BCTpoeHHbIe
 111 

<PYHK~HH multigrid HJIH relax); 
• B KaqeCTBe MeTO~a peweHHJI HCnOnb3yeTcli MeTOAnpsvsrx; 
• Mll penreaas CHCTeM ~<p<pepeHIIHaJIbHbIX ypaBHeHHH B 'IaCTHhIX 1:11 

npOH3BO~HblX CJIeAyeTacnonssoaars ornuno numol,
 
,Anll xoppexraoro Hcrronb30BaHIDI <pyHKUHH Pdesoive npe~BapHTeJIbHO,
 

rrOCJIe KJIIO'IeBoro' CJIOBa Given, CJIe~eT aarracars CaMO ypaaaeane H 

rpaaasasre yCJIOBIDI npa nOMO~ JIOTINeCKHX oneparopos (naaens «DyJIeBO»). 

YpaBHeHHe ~OJI>KHO conepzcars HMlI HeH3BecTHoH <pyHKIIHH u(x, t) BMeCTe C !III 

HMeHaMH apryMeHToB. ,Unll H~eHTH<pHKaIIHH 'IaCTHbIX npoH3BoAHbIX B 

npenenax Bbl'lHCJIHTeJIbHOrO 6JIOKa CJIe~eT HClIOJIbJOBaTb HH>KHHe HH,AeKCbl,
 

aanpaxep, uxx(x,t), ~ 0603Ha'ieHIDI BTOpOH npoH3Bo~HOH <pyHKIIHH U lIO
 

rrpocTpaHCTBeHHoH KOOp~HaTe x. 
Peurenne ~H<p<pepeHUHaJIbHbIX ypaBHeHHH B 'IaCTHblX lIPOH3BO~HbIX 

I'ililllIapa6oJIH'leCKOrO rana C HCnOJIb30BaHHeM <pyHKIIHH Pdeso1ve COCTOHT H3 

cJIe~~HX 3JIeMeHTOB:	 I 

1.	 Kmosesoe CJIOBO given - aasano pemeaas. 
2.	 YpaBHeHHe, xoropoe Hy>KHO peIIIHTh, ~OJI>KHO 6blTb 3arrHCaHO B BHAe: u/.;£, t)
 

= fix, t, u, u , un)' ,UnlI BBOAa npOH3BO~HbIX B AaHHOM cnyxae HeJIb311
 
x

HCrrOJIb30BaTh 06bl'iHb1H oneparop npoH3Bo~HOH, a HY)I(HO nOJIb30BaTbCli
 

HH>KHHM HHAeKCOM, KaK 3TO 06bl'lHO nenaercx B nareparype Mll 3anHCH
 

ypaBHeHHH B 'IaCTHbIX rrpOH3BOAHbIX. Ilpa 3TOM HH>KHHH HH,AeKC cJIe~eT
 
BBO~HTb He KaK 3JIeMeHT MaCCHBa (KJIaBHma < [ », a KaK TeKCTOBbIH
 

HH>KHHH H~eKC (KJIaBHma < . ». ,Unll roro 'ITo6bl BBeCTH BTOPYIO
 

npoH3BOAHYIO OT <pyHKIIHH U no rrepesrennoii x, CJIe~eT aafipar» na
 

KJIaBHaType: u • XX. 
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PeweH~e OAHOMepHoro ypaBHeH~ll TennOnpoBOAHOCT~
 
AtTll TOH~OrO CTep)l(Hll ~OHe~Holi An~Hbl
 

1.:= 1 .Ii= IO( a := J.t 13 := J.t
 
Given
 

ut(x,t) =a-udx,t) + 13
 

u(x,O) = 5C u(O,I) =5C Ux<L,t) =O.OJ 

u:= Pdesolve[u,x,(:),t,(~)J 
3D graph: 

TO:=O
 
AI:= CreateMesh (u,O,L,TO,T)
 

AI • 

PHc.IO.5. Pemeaae oznroxepaoro ypaaHeHHlI TeWIOnpoBO,llHOCm (9.3) 

3. Fpaaaxnsre	 ycnosaa AlBI <pyHK1um U(x, f). Ecna ypasaeaae BTOpOro 

rropaaxa rro x, TO Ii rpaHli'fHhlX ycnoBliH ,/(on)KHO 6h1Th nsa, BhI MO)f(ere 

HcrrolIh30BaTh KaK rpaHH'l:Hhle yCJIOBHJI ,!:WpHXJ1e (u(Xo, f) = W(f)), TaK H 

rpa~}fqHhle yCJIOBHJI HeitMaHa (uxCxo. f) = W(f))"linH Ll3.)f(eIiX KOM6liHaUHJO. 

Ha plic.IO.S npHBeLleHO pemeaae onaouepaoro ypaBHeHHJI TerrnorrpOBO,/(HOCTIi 

(10.3) LlJIJI TOHKOro MeTaJIJIH'leCKoro CTep)KHH KOHetIHOH LlJIHHhl L=1 en, 
LllIHHhI. ~ nOCTpoeHHJI rpexxepaoro rpaoaxa penreaas HCrrOJIh30BaHa orrUIDI 
CreateMesh(u. O,L, 0, T,NI,Nf). 

10.4. OnQHR numol 

.amr pemeans ypaBHeHliH Ii CliCTeM napa60JlUljeCKOcO Ii 

cunep60JlUljeCKOcO TlinOB 6e3 c03LlaHWI rpynnsr pemeaas (KoHe'fHO, ypaBHeHHJI 

rnnep60JIH'feCKoro rana LlOJI)f(HhI 6b1Th npHBeLleHhl K caeresre ypaaHeHIrn: 

rrepsoro nopazrxa no BpeMeHIi) B MathCAD HMeeTCJI scrpoeaaaa <PYHKUIDI 

numol. Perneaae aazras C ee HCrrOJIh30B3HHeM ocymecransercs B TaKOM 
nopaaxe: 
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I. CrpOHTCJI BeKTOpHaH <PYHKUIDI pdef(x,t,u,ux,uxx)_ 3Ta <pyHKUHR 

lIBJIReTCR aHaJIOrOM <pyHKL(HH D(x,y), KOTOpM HCrrOJlI,3yeTcR npn pemerraa 

CHCTeM 06bl'lHhlX LlH«p«pepeHUHanhHhlx ypaBHeHHH (OW). KOJIH'leCTBO 

3JIeMeHTOB nora BeKTOpa paBHO CYMMe npde + npae (npde - KOJIH'feCTBO 

LlH<p<pepeHIUiaJIhHhlX ypaBHeHHH B 'faCTHhIX rrpOH3BOLlHhlX, xoropsre BXOMT B 

CHCTeMY, npae - KOJIH'leCTBO anrefipaasecxnx ycnoBHH, CBR3hIBaIOII.(HX Me)K)ly 

C060H HeH3BeCTHhle <pyHKUHH). Ilepasre npde 3JIeMeHTOB BeKTOpa pdef 33,l\aJOT 

npaaue 'faCTH .llH«p<pepeHUHanhHhlX ypaBHeHHH (rrO.l\P33YMeBaeTCR, 'fTO B 

lIeB)'IO sacrs ypasaeaaa nepeaeceau npOH3BOLlHhle no BpeMeHH). Ocransasre 
3JIeMeHThi 3a.uaIOT anreopaaxecxae ypaBHeHWI. CBR3h1BalOlIJ;He Me)f(,n)' C060H 

HeH3BeCTHhie <PYHKUHIi (B 3THX 3JIeMeHTax nOLlp33YMeBaeTCR, 'fTO nesaa 'faCTI> 

paaaa aymo), 
2. 3aLlaIOTcli aaxansasre yCJIOBHJI A/IlI Heli3BeCTHhlX <pyHKUHll: B sane 

BeKTOpHOH <PYHKUliH init(x). K3)f(Jlbrn 3JIeMeHT sroro sexropa LlOJI)f(eH 

coztepzcars aasansaoe yCJIOBHe ,!U1Jl COOTBeTCTB)'IOlIJ;eH <pyHKUHH. 

3. 3a.llaIOTCH rpaaaansre yCJIOBHR B aane MarpH'lHOH <PYHKll,HH beet). 3ra 

MarpHll,a nonscaa conepscars rpM cronfina H CTonhKO CrpOK, CKOJIhKO <PYHKUHll: 

B CHCTeMe. B nepssrx zrsyx CTOJI6uax 3TOH MarpHL(h1 sanarorca YCJIOBWI. 3TH 

yCJIOBliR HaKJIa.uhlBaJOTCR na ry HJIH HHylO <PYHKI{HlO B Ha'faJIhHOH Ii KOHe1.J.HOH 

TO'fKaX orpesxa HHTerpHpoBaHWI COOTBeTCTBeHHO. Tperaa cronfieu 

onpenenser ran Yl<JIOBHll:. ECJIH LlJIR <PYHKL(liH 3a.uaJOTCR yCJIOBHR .D.HpHXJIe, TO 

B rpersesr cronfiue COOTBeTCTBylOlIJ;eH: CTpOKH ay)f(HO BBeCTH "D". a eCJIH 

yCJIOBHlI HeH:MaHa -UN". ECJIIi B cacresre orcyrcrayer BTOpM rrpOH3BO.llHM OT 

TOR linli HHOH <PYHKUliH no rrpOCTpaHCTBeHHOH nepeaemroa, roraa LlJIR see 

Hy)f(HO aanaaars TOJIhKO OLlHO rpaaa-nroe yCJIOBHe, a BMecTo BTOpOro ssecra 

"NA" (rrpa nOM B TpeTheM crontine 06JI3aTeJIhHO P;OJI)f(HO 6hITh aseaeno "D"). 
ECJlH B CHCTeMe.llJlR tPyHKUHH OTCyTCTByIDT npoaasoassre no 

rrpOCTpaHCTBeHHOH nepexeasoa, TO rpaaaxmre yCJIOBHR p;m nee He 

YKa3h1BaJOT, H COOTBeTCTB)'IOlIJ;aR CTpOKa B MaTpHue be LlOJI)f(Ha HMeTh BH.ll: 

"NA", "NA", "D". 
4. .D.nH pemeaas 3a,l:la'fH BBOLlHM 0603Ha'feHHR ,IUlR numol: 
sol := numol(xend, xpts, tend, tpts, npde, npae, pdef, init, be), rne apryaesrsr 

BCTpoeHHOH <PYHKUHH HMelOT CneJlYlOIUHH CMhICJI: 

• xend - LlBYXKoMlIoHeHTHhlH BeKTOp, 3JIeMeHThl KOToporo 33,l\aIOT Ha'faJIO Ii 

KOHeL(npocrpaacrseaaoro orpesxa aarerpaponanua; 

• xpts - KOnH1.J.eCTBO TO'feK. p336HBaJOlIJ;HX npocrpaacraeaasra HHTepBan; 

• tend - TaK)f(e LlByxKoMrroHeHTHhiH sexrop, HO KOTOphlH sanaer rpaaansr 
speaeaaoro aarepnana; 

• tpts - KOJIH'feCTBO TO'feK, p336HBaJOlIJ;HX BpeMeHHoH liHTepBaJI; 

• npde, npae - 3TIi QHCJIa 3aLlaIOT KOJIH1.J.eCTBO ypaBHeHHH H anrefipaasecxax 

yCJIOBHH B CHCTeMe. 

Pe3YJIhTaT perneaas CHCTeMhl ypaaaeaaa C nOMOlIJ;hlO <pyHKUHH numol 
rrpe,n:CTaBJIReTCR B BH,n:e MarpHUbl, CocToRIUeH aa xpts CTpOK H tpts-tnpde + 
npae) CTOJI6UOB. 3ra MaTpliua 06DeLlliHReT HeCKOJIhKO MarpHU pasxepa xpts x 
tpts, K3)f(JlM li3 KOTOphlX COLlep)f(HT 3Ha'feHWI OLlHOi!: H3 HeH3BeCTHhlX <pyHKUHH: 
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CHCTeMbI. Penrenae .n.JUI mo60H <PYHKQHH MO)l(eT 6hITh BhI.n.eJIeHO H3 

pesynsrara numol C noaonrsro <PYHKQHH submatrix. 
3aMemUM, 'ITO <PYHKQIDI numol He MO)l(eT 6hITh HCrrOJIb30BaHa )J.JIH 

peureaas 3a.n.aq co CMernaHHbIMH rpaHuqHbIMH yCJIOBIDIMH, xorna aa O)J.HOH 

rpaaaue HHTepBaJIa sanaerca saaxeaae CaMOH <PYHKI..\HH, a aa ztpyroa - ee 

_ npOH3BO.n.HoH. ,lVuI peureaas nonofinsrx 3a,naq 06bJqHO rrpHMeHHeTCH <PYHKI..\HJI 

Pdesolve. 
Ha pHc.10.6 npaaeztea npaxep pemeaas BOJIHOBOro ypaBHeHIDI, C 

rrOMOIl..\hIO BCTPOeHHoH <PYHKQHH numol. 

PeWeHl1e ecnaceoro ypaBHeHI1A 
a " 3 L " 2·" T '" 2·" 

1 
numpde :=2 numJ)8e:= 0 rhs(x,t,u,Ux,UJ:= [ 2u ] 

a .u"'b 

init(x) := [Sin( ,,~x) 1 init(O)O init(L)O "0")
bcJunc(t) := 

( ''NA'' "NA" "D".o J 

sol := numo{( ~).30'(; ).20, numpde .numpae ,rhS,init,bcJunc] 

rows(sol) =30 cols(sol) =40 
SOL:= sUbmatriJ«sol,O,29,O,20) 

0.5 

·0.5 

SOL 

PHc.1O.6. Penrenae BOJIHOBOro ypaBHeHIDI C rrOMOIl..\hIO BCTPOeHHOH <PYHKI..\HH 

numol 

OrMeTHM, 'ITO <PYHKI..\IDI numol HMeeT 60JIhrnee qHCJIO aprysrearoa, 

He)KeJIH Pdesolve, 6JIaro.n.apJl qeMy rr03BOJIHeT aBTOMaTH3HPOBaTh rrpasreaeaae 
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MeTo.n.a CeTOK. O.n.H3KO, nomaoeamscs 3mOU ifJYHKlfUeU HaMH020 CJlOJICHee, qeM 

BhlqHCJIHTeJIhHhIM 6JIOKOM. 3T0 CBJl3aHO C TeM, 'ITO ypaBHeHIDI H HaqaJIhHhle H 

rpaamasre yCJIOBHJI .n.OJI)KHhI 6h1Th sanacaasr B CrreI..\HaJIhHOM <pOpMaTe. IIII 
IIpHMeHeHHe <PYHKI..\HH numol OnpaBOaHO B TOM cnyxae, xorna He06xo.n.HMo I 

BKJIIOqHTh penrenae ypaBHeHHH B qaCTHbIX rrpOH3BO.n.HhIX B 60JIee CJIO)l(Hhle 

BhIqHCJIeHIDI B xaxecrae nozmporpaeoaa, OpraHH30BaTh CepHIO pacxeroa C 1'1;'1, 

MeHJlIOII..\HMCH napauerpoa, nonroroaars aHHMal..\HIO rpadiaxos peureana H T. rr. 
11 

rpa<pHK penreana rrapa60JIHqeCKHX H rnrrep60JIHqeCKHX ypasaeaaa B 
11 

1 1sacrasrx rrpOH3BO)J.HhIX, C HCrrOJIh30BaHHe <PYHKI..\HH numol, MO)l(eT 6hITh 

O<pOpMJIeH B sane aHHMa'-lHOHHOro pOJIHKa, npuqeM pacsernoe BpeMJI cnenyer 
'III 

ssrpasars sepes KOHcTaHTY frame, a 3aTeM rrpHMeHlITh KOMaH.n.y View / 
Animate (BH~ / AHHManHH). 

II
10.5. Pemenae 3a~aqH TenJlOnpOBO~HOCTHB Excel 

fill 
PaCCMOTPHM HeCTa'-lHOHapHYIO aanasy .n.JIJI Me,nHoro CTep)KIDI )J.JIHHOH 10 

CM, na O,nHOM KOHl..\e KOTOpOro nOMep)I(HBaeTCH reeaneparypa 20
Ge, a na 

,npyroM O°c. Tpefiyercx paccxarars H3MeHeHHe rexneparypsr B crepxne co 

apesreaexr B Excel [18,19]. TenJIOBhIMH rrOTepHMH xepes 60KOBYIO nosepxaocrs 
CTep)KHJI npeaefipess. Tennonepenaxa eaepraa B,nOJIh CTep)KHH onHChlBaeTCJI 

,nH<p<pepeHI..\HaJIhHblM ypaaaeaaex B qaCTHbIX npoasaonaax B BH,ne 

aT = a a2~ . (lOA)
at Ox 

3TO ypasaeaae B KOHeqHhlX Pa3HOCTlIX 3arrHIIIeTCH B BH.n.e: 

T;.J+I - T',J = a T;+I,J - 2T;,J + T;-',J 
(10.5)

M Lix2 

rae Lit - mar ceTKH rro npocrpaacrsy x, HH,neKC i, a 6.t- mar ceTKH rro BpeMeHH,
 

HH)J.eKcj.
 

PaJpeIIIHM 3TO ypanaeaae OTHOCHTeJIhHO rexneparypsr B· 6y.n.yIl..\HH MOMeHT
 

BpeMeHH
 

T I =T + r(T 1 . - 2T . + T 1 .) (10.6)1,)+ '.J 1+ ,J ',J l-.J' 

6.t 
rne r=a--2 • (10.7)

Lit 

.lJ.;IJI 06eCrreqeHHJI BhIqHCJIHTeJIhHOH yCTOH'lHBOCTH ,!J;aHHOrO Pa3HOCTHOro 

ypaBHeHHJI K03<P<PHI..\HeHTr npa CYMMe ressneparyp He ,nOJI)KeH npessmrars 1/2: 

r51.. 
2 
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ECJUIK03epeplfi.UleHT r-= Y2, TOPll3HOCTHoe ypasneaae npmeer B~: 

f..I+1 = ~(1;+I., + 1';-1.1)'	 (10.8) 

.l{IDI Me,ZUWrO CTep)!(HH K03epepHlmeHT 'rennonepenaxa a = 1,155CM 2 Ie .Toraa, 
nOJIYlIaeM CJIe,!()1Om:ee COOTHOIIleHHe MeJK.nY IIIaroM ceTKH no BpeMeHH !1tH no 

npOCTPaHCTBy Ax: 

tu;2 = 2,31.!1t .	 (10.9) 

Fpaaaaaue yCJIOBHH 3a,l(alIH HMelOT BH,!(: 

To.l = 20° C npa x=O, Tn•O =OoC npa xwlOca. (10.1 0) 

ITpHMeM IIIar no npocrpaacrsy 1 CM, rorna IIIar ceTKH no BpeMeHH 6y,!(eT 

!1t = 1/2,31 = 0,433 c. 3anOJIHeHHe 3JIeKTPOHHOH Ta6JIHl{hI npOH3BO,!(HM B TaKOM 

nopsznce: 
1. ):{eJIaeM see uazmaca. 
2.	 ):{eJIaeM paMKH. 

3.	 3aHocHM B HlIeHKH B6-L6 3HalIeHHH ,llJIHHhICTep)!(HHC IIIaroM 1 CM; 

4.	 3aiIOCHM B HlIeHKH A7-A20 3HalIeHHH MOMeHTOB BpeMeHH C maroa 
0,433c. 

5.	 3aHocHM B HlIeHKY B7 rpaaasaoe yCJIOBHe TeMneparyphI 20°C H 

xorrapyeu ero B HlIeHKH B8-B20. 

6.	 3aHOCHM B HlIeHKy L 7 rpaaasnoe yCJIOBHe reuneparypst OoC H 

xonapyesr ero B HlIeHKH L8-L20. 

7.	 3aHocHM B HlIeHKY C7 3HalIeHHe TeMneparypbI OoC D7-K7. 

8.	 B HlIeil:Ky C8 BBO,!(HM epOpMyJIy ~0,5·(B7+D7) H xonapyea ee B HlIeHKH 

C8:K20. 

IToCJIe npo,!(eJIaHHhIX. onepauaa JIHCT 3JIeKTPoHHoH Ta6JIHI.\hI HMeeT BII,!( 

pHc.10.7. 

e . •. f f, ,(1- ,~ 
TeMO~S MeAHaMCteop_ 

p'\Ile_YP;llIil'_IIIf'\iPI&lJI~ellOl'tll~""lKltll>l.t1CK1IQ'OAH'" 

"'~_M 

'lIlN,OO
 

-0 1 :z 3 4 5 6 '1 8 9
 

2P".O 00000000
 
~ 0 0 0 0- 0 0 (I' 0­

2C 10 ~ 0: 0 0 0 It (I 0 
0

2flJU '1.'00 oel 0
 

10 1~. l/S ~," l.~ 0 (I 0 1J' 0
 

20 11,7) 1,5 ~1l5 us' l).,615 0 0 0- 0
 

20 U,75 9".Q02S: 4,175 2.' o,ez o"ms 1:1 0 I),
 

20 14,'1125 9.~ 3,1'&125 U I.~ O,nl5 o,.UQ5 O. 0
 
lO.lJI,53125, 1(1;1562$ '.7W.5 S,.59J15; '~_ G,18UJ O.L'6l5 O,G7S125" 0
 

20" 1~,01lU lO.~' u.s 3,."-J~' 2,ur75 o.~ ,l),IlJ968ll Q;Oll125,o.~
 
2lI ;~1,813 IM~ 6,.m 4~U5. 2,1~_~ O,.m688 cu;l.i,,: M,9069:
 

XI U,4ll8zs, lo.Jl'566 7.'15~ WUS 2,91"'22 ~,O.:m.d4 ~m O.u'n.
 
210 13,41828 11..0ZJ0': 1,75S805, ~,mtJA, 2,~mu. ~, 0,711M:4 0;4ll4)36,O,U7I8S'
 
'2t1 15,81055- 11,Q~ ~: UM!14 3,s5UO'J, Lt&4511»' l,,~a ~."".U~' 0.2Z2:1.68
 

PHc.lO.7. TenJIOnpOBO,nHOCTh B Me,!(HOM crepscae. Pemenae B Excel 
~~' 

~;:~i~3AKJIlOQEHHE 
f~~t?~ 
;...j.~..,t-!~ITpHBe,neHHhle B noc06HH 3a,!(alIH TeruIoTexHHKH HBJlHIOTCH 61130BhIMH B 

npaxraxe 6y.nym:HX HH)I(eHepOB-TeruI03HepreTHKoB. ):{.rIH perneHHH TaKHX 3a,nalI ",:t:~ 
BnOJIHe MOryT 6hITh HCnOJIh30BaHhI TaKHe nporpaMMHhle nponyxrsr, KaK "~ 

MathCAD H Excel. O,!(HaKo ,llJI1I pemeaas 60JIee CJIO)!(HhIX 3a,l(alI, 

B03MO)!(HOCTeH BCTPoeHHhIx epYHKI.\HH MathCAD MO)!(eT He XBaTHTh, TaK KaK 

OHH cnoc06HhI peurars TOJIhKO onpe,!(eJIeHHhIH KJIaCC 3a,l(alI. B 3TOM CJIYlIae 

cnezryer npafieruyrs K nporpaMMHpOBaHHIO MeTO.lla ceTOK B MathCAD HJIH 

,!(pyrOH cpene, aanpavep, EeHCHKHJIHITaCKaJIh. 
llTO xacaercs peineaas ,!(HepepepeHI.\HaJIhHhIX ypaBHeHHH B lIaCTHhIX 

npOH3BO,!(HhIX B Excel, TO B 3TOH cpezte MOryT 6hITh perneHhI B OCHOBHOM 

o,nHOMepHhIe H ,nByXMepHhle ypaBHeHHH. fpaepHlIeCKoe npe,!(CTaBJIeHHe 

pe3YJIhTaTOB peiueaas 3a,l(alIH nOJIYlIaeTClI MeHee HHepopMaI.\HOHHhIM, lIeM B 

MathCAD. HeJIh3H nOCTPOHTh rpaepHK JIHHHRypOBHeH resmeparypa. PeIIleHHe 

TpeXMepHhIX ypaBHeHHR B 3TOR cpene BhI3hIBaeT 60JIhilIHe TPy,!(HOCTH rrpn 

nporpaMMHpOBaHHH, lITO npe,!(CTaBJUIeTCH HepaI.\HOHaJIhHhIM C npaKTHlIeCKOH 

TOlIKH 3peHHH, TaK KaK nporpaMMa nOJIYlIaeTCH ,!(OBOJIhHO rpOM03,!(KOR H 

CJIO)!(HOH. ITPH :nOM HY)l(HO nOMHHTh, lITO Excel npe,!(Ha3HalIeH, KaK H3BeCTHO, 

,!(JIH peureaas B OCHOBHOM 3KOHOMHlIeCKHX 3a)1alI. O,!(HaKo, 6JIaro,napH HaJIHlIHIO 

MOIllHOro MaTeMaTHlIeCKoro armapara, B HeM MO)!(HO peurars H HeKOTophle 

TeXHHlIeCKHe sanasa, XOTH C MeHhIIlHM ycnexoM, He)!(eJIH B npyrax 

rrporpaMMHpyeMhIX cpeztax, B CBH3H C 3THM, BhI60p pemeaas HH)!(eHepHOH 

3a.llalIH B cpene Excel ,!(OJI)!(eH 6hITh 060CHOBaH C n03HI.\HR npocTOThI 
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nporpasoorposaaaa, HarmmHOCTH npe,l(CTaBJIeHIDI pe3YJIbTaTOB pemenas ,!(JIll 
aHaJIH3a H BbIBO,l(OB. 

,!VuI: pacseros TeIIJIOBbIX IIOJIeH B CJIO)J(HbIX reOMeTpJl'leCKHX 06JIaCTJIX 
qaCTO IIpHMeIDllOT MeTO,l( KOHeqHbIX 3JIeMeHTOB (MK3). O,l(HHM H3 rJIaBHbIX 
OTJIHqJiTeJIbHbIX npH3HaKOB MK3 zanaerca aeperynapaaa, anarrrapyromaacs K 
reOMe1pHH ofisexra H oco6eHHOCTliM TeMIIepaTYPHoro IIOJIli cerxa. 

):(.rIll pemeaas 60JIbmHX HH)J(eHepHbIX sanas IIpHMeHllIOT CIIe~HaJIbHbIe 

MaTeMamqeCKHe naxersr, Ha 6a3e MK3 IIOCTpoeH YHHBePCaJIbHbIH 
BbIqHCJIHTeJIbHbIH KOMnJIeKC ANSYS 41 (http./zwww.cadfem.ru, 
http://www.ansys.com). npenaasaaseaaaa WIll pemeaaa sanax pa3JIJ1'1HOH 
tPH3HqeCKOH IIpHpO,l(bI (IIPOqHOCTb, TeIIJI0tPH3HKa, rH,l(p0ra30,l(HHaMHKa, 
TeIIJIOMaCCoo6MeH, 3JIeKTpOMarneTH3M). BbI~CJIHTeJIbHbIe IIaKeTbI STAR-CD 
(http://www.cd.co.uk). PHOENICS (http://www.cham.co.uk, 
http://213.210.25.l74/website/new/top.htm) Cne~HaJIbHO opHeHTHpOBaHbI aa 
KOMIIbIOTepHoe MO,l(eJIHpOBaHHe B 06JIaCTH ,llHHaMHKH )J(H,l(KOCTH H 
TenJIOMaCCoo6MeHa. 

Ilaxersr STAR-CD, PHOENICS, ANSYS OTHOCliTCH K TaK Ha3bIBaeMbIM 
«TlI)J(eJIbIM» IIaKeTaM. OHH BeJIHKH IIO 06'beMy, OCHaIl(eHbI 3tPtPeKTHBHbIMH 
qHCJIeHHbIMH aJIrOpHTMaMH, y,l(06HbIM HHTeptPeHcoM, MOIIJ,HbIMH 
rpatPJI'IeCKHMH Cpe,l(CTBaMH ,l(JIH tPopMHpOBaHIDI CJIO)J(HOH reoxerpaa 06'beKTOB 
H ,l(JIH BH3YaJIH3aLlHH pe3YJIbTaToB. Casroe rJIaBHOe, IIpaKTHqeCKH OTCYTCTByroT 
orpaaaseaaa aa CJIO)J(HOCTb saaas, aa HCKJIIOqeHHeM IIaMHTH H 

6bIC1pO,l(eHcTBIDI KOMIIbIOTepa. Pafiora C TaKHMH nporpasoraaa rpefiyer 
CneLlHaJIbHOH IIO,l(rOTOBKH,' a CaMH IIaKeTbIHBJIHIOTCH ,l(OPOroCTOllIIIHMH. 

B CB1I3H C 3THM,l(JIlI:-coBpeMeHHoro HH)J(eHepa Ba)J(HO He TOJIbKO xoponree 
3HaHHe MaTeMaTJI'IeCKHX MeTO,l(OB peuienas sanas, HO H ysreneaae HX 
peaJIH30BaTb aa IIepCOHaJIbHOM KOMIIbIOTepe C IIpHBJIeqeHHe cospexeaaoro 
nporpaxoaaoro ofiecnexeaax H IIOCJIe,!(YJOIl(HM aHaJIH30M nonyseaasrx 
pe3YJIbTaTOB. 
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l1o~cTaBHM B !PYHKI.{HIO U(X,y) BbIpa,)f(eHHR (112.2), rroJIyqHM u(rcoslp,rsinlp). 

B03hMeM OT nonyseaaoro BhIpa)f(eHHR KaK OT CJIO)f(HOH !PYHKI:(HH nepasre 
rrpoH3Bo~Hhle; 

au ou Or ou Olp OU au or au Olp-=--+--, -=--+--.Ox or Ox Olp Ox (112.3)Oy or Oy Olp Oy 

):lmI HaxO)l{fteHHR qaCTHbIX IIPOH3BO~Hhrx B (112.3) BOCrrOJIh3yeMcH
BhrpalKeHHeM r = Jx2+ y2 : 

or x or _ y .
Ox = -;: = cOSIp H Oy --;:= SIDIp. (112.4) 

110CKOJIhKy tglp =l, TO 
x 

1 Olp Y 1 Olp I 
COS 21p "&=-7 H 

COS 21p 81=; (112.5) 

110~CTaBHB (112.2) B (112.5) rrOJIyqHM: 

olp = _ sin Ip 
H Olp = coslp 

ox r (112.6)Oyr 
110,l:{CTaBHB (112.4~ H (112.6) B paseacrsa (112.3), OKOHqaTeJIhHO HaH,!(eM
BbIpa,)f(eHIDI qaCTHhIX rrpOH3BO,lUlbIX rrepsoro nopaznca: 

ou OU OU sin <p au ou. au cos Ip
-=-cos�p----, -=-SIDIp+--_. (112.7)ox or Olp r Oy or Olp r 

OU
I1po~H!p!pepeHI.{HpOBaB Ox H3 BbIpa,)f(eHHH (112.7) no npasany CJIOlKHOIf 

!pyHIaum, HaH~eM sropsre rrpoaasonasre !PYHKl(HH u(x, y): 

o(dU) o(dUJ
02U dx Or dx olp
-=---+--­2 (112.8)ox or ox Olp ox· 

113 paBeHCTB (112.7) rroJIyqHM: 

O(dUJ
 
dx 02U 02U sin Ip OU sin Ip


---=-COSIp-----+--- , 
or or

2 
orpiJr r Olp r 2 (112.9) 

O(dU)
 
dx 02U OU . 02U sin Ip OU cos Ip


--=--COSIp--SIDIp--------.
Olp orolp or 01p2 r Olp r (112.10) 
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or
YMHOlKHM paBeHCTBO (112.9) na - = cOSIp, a pasencrso (112.10) aa 

ox
 

orp = _ sinIp H nOJIyqHBIIIHecH ssrpaxeaaa CJIO)f(HM:
 
oX r
 

d 2 2u u a 2 2 02U sine cose 2 0U sin e-cose au sin 2 
1p 02U sin2 9' --=-cos Ip- + +---+----­

dx2 or 2 orolp r Olp r 2 or r Orp2 r 2 

(112.11 ) 
I10,!(o6HhIM 06paJOM BOCnOJIh30BaBIIIHCb COOTHOIIIeHHeM 

O(dU) o(dU)
02U dy Or dy . olp
-=---+--- (112.12)·
Oy2 or oy Olp Oy' 

HaH,!(eM 

d 2u 02U. 2 2 02U sin Ipcos Ip 2 au sin Ipcos Ip+ ou cos2 Ip + 02U cos2 Ip
--=-sm Ip+2 2dy2 or OrOIp r alp r or r Olp2 r? 

(112.13) 

CJIO)f(HB BhIpIDKeHHH (112.11) H (112.12), nOJIyqHM BhIpIDKeHHe oneparopa 
Jlannaca B rrOJIHpHhrX xoopnaaarax 

Su = 02U(X,y) + 02U(X,y) o2u(r,lp) +.!. ou(r,lp) + I 02U(r,Ip). 
(112.14)

Ox 2 iJy2 or 2 r or r' Orp2 

BbrpIDKeHHe (I12.14) HeCHMMe1pH'l.HO OTHOCHTeJIbHO nepeCTaHOBKH x - y, TO 

ecrs KOOp,!(HHaTbI x H Y aepasnonpaaasr. 

3aMeTHM, qTO nOJIHpHaH CHCTeMa KOOp,!(HHaT lIBJlHeTClI 'l.aCTHbIM crrysaex 
I:(HJIH~pHtl:eCKOH, xorna y rrOCJIe,!(HeH CHCTeMe z = O. Bsrpaxeaae (I12.14) 
xacro HCnOJIh3YIOT B BH,!(e 

1 02u(r,lp)tlu(r,Ip)=.!.~(rou(r,Ip»)+ (112.15)2r or or r Olp2 . 

TOlK,!(eCTBeHHOCTh npaasrx sacrea !poPM)'JI (112.14) H (II2.15) npoaepsercs 
~H!p!pepeHUHpOBaHHeM. 

PaCcMo1pHM TpeXMepHbIH CJIyqaH oneparopa Jlannaca B lIWlUHOpU'leCKUX 

«oopouuamax. QRJIHH.l(pHqeCKHe xoopnanarsi, KaK H3BeCTHO, x, y H Z 

CBH3aHhI C~eKapTOBhIMH Koop,!(HHaTaMH COOTHOIIIeHHeM: 

x = r cos tp , y = r sin Ip, z = z . (112.16) 
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<I>YHKUHJl u(x,y,z) npeofipasyercx B tPYHKIUUO u(reos~?,rsinqJ,Z). 3,l(eCb 
KOOp,l(HHaTa Z OCTaeTC" Herl3MeHHOH, H B BblpIDKeHHH (IlI5) ,l(ByMepHoro 
onepaTopa flanrraca B non"pHbIX KOOp,l(HHaTax ,l(06aBn"eTC" TonbKO BTOpaJI 
npOH3BO,l(HaJI no Z : 

2u(r,qJ,z) 2u(r,qJ,z)
A ( )_ a 1 au(r,qJ,z) 1 a1u(r,qJ,z) a
ou r,qJ,z - 1 + + 2 2 + 2' (112.17)

Or r ar r arp 8z 

Bsrpaxeaae (112.17) H ecrs BH,l( oneparopa Jlannaca B I.(HnH~H'leCKOH 

CHCTeMe xoopnanar. 
~ crpepasecxax KOOp,l(HHaT r, B H qJ HMeeM tP0PMYnbl: 

x =r sinBeos rp, y =r sinBsinqJ , Z =r cos\71 , (112.18) 

rne r = ~X2 + yl +Z2 - paccroaaae TO'IKH (x,y,z) OT aaxana KOOp,l(HHaT, B- yron 

Me>K~ P~HYcoM-BeKTOpOMTOqKH H OCblO Oz, a 'II - yron Me>K~ npoexnaea 
panayca-sexropa na nnOCKOCTb Oxy H OCblO Qt. 3,l(eCb aenocpeztcrseaaoe 
npe06p1l30BaHHe npOH3BO,l(HbiX tPyHKI.(HH u(rsinBcostp,r sin BsinqJ, r cos(Zl) oxeas 

rpOM03,l(KO, H n03ToMY ero npOBO,l(HTb He 6y,l(eM, OrpaHH'lHBI.I.JHCb TeM, qTO 
BbInHI.I.JeM oxoaxarensaoe supaxeaae orreparopa Jlannaca B ctPepHqeC~ 

KOOp,l(HHaTax: 

t1u=a2~+~0u+ casB 0u+1.-~+ __I_·a2u. (Il2.19)2 2aB1 2sinBaB2ar r Br r1sinBaB r r

<I>oPMYny (Il2.18) qaCTO 3anHCblBaIOT B B~e 

2u 
1 a( 20u) 1 a (. au) ·1 a (112.20)t1u=~ar r ar + r1sinBaB smB aB +r2sin2BaqJ2 . 
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