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METOA AMHAMMliECKO~ AEKoMno3Mu.MM 
B MOAEJ\MPOBAHMM CMCTEM ynPABJ\EHMH 
CO CTPYKTYPHblMM M3MEHEHMHMM 

A. H. KUPUI1110 B, 
KaHA. cjJ 143.-MaT, HayK, s ouent 
CaHKT-n eTep6yprCK14i1 ro CYAap CTBeHHbli1 TeXHOIIOnllleCK14 i1 YH14BepC14TeT pecru tesuc»: nO/l14MepOB 

npeAflaraeTCR MeTOA nOCTpoeHVlR MaTeMaTvtyeCKVlX MOAeflel1 CflO>KHbIX CVlCTeM C Vl3MeHRIO~eI1CR B nocuecce 

cPYHKLJ,VlOHl1pOBaHI1R CTPYKTYPOI1. BBOAI1TCR AYIHaMl1yeCKaR CVlCTeMa, COCTOR~aR 113 nepetaennoro KOflVlyeCTBa nOAcVI

CTeM. Ha ee OCHOBe MOAeflVlpyeTcR npOLJ,eCC VlHBe CTvtpOBaHI1R AI1HaMVlyeCKOI1 3KOHOMt1yeCK0I1 CVlCTeMb/, OnVlCbIBalO

~eJ1 Kp ynHbJJ1 npOMbIUJJleHHblJ1 KOMnfleKC. 

K AfOlI eSbl e CAOSa -At1HaMl1yeCKaR CVlCTeMa ynpaBJleHI1R, AeKOMn03V1LJ,V1R, CTpyKTypa, nepeMe HHaR pa3MepHOCTb, 

3KOHOMVlyeCKaR CVlCTeMa, MOAeflt1pOBaHVle AVlHaMVlKVI. 

Baenenne 

Mar eva-norecxoe M Op;e JI llp OB8HH e CJIOJKHb1X P;H

HaMHqeCKHX CllCT eM , nanparaep rcpyrrasrx npona
BOp;CTBeHHbI X KOMrrJIeKCOB, 6 H Ou;eH030B, MHOrOCTa

p;llnHblX TeXHOJIOrHqeCKHX nponeccon, CBJI3aHO 

C Tp yp;HOrrpeOp;OJUIMbIM n p o 'maope-raew. C Op;HOn 

CTOp OH bl , P;JIJI HCrrOJIb 30Ba H H JI M Op;e JIll R u;e JI JIX rrpo

l'H03HpOBaHHfl n OBe p;eH H JI p eansaoz CllCTeMh1 CJIe

p;yeT no.nyxa 'r s 6 0 JIe e nOJIHOe ee o nac a a n e , 'ITO n p a 

BOP;H T K n eBO aM OJKHOCT H a H a JIH THq e CK Or O HJIH rca

qeCTBeH H oro H CCJIep;OB a H lHI. C p;p yrOll: CTOp OHbl , yrr

ponreaae MOp;eJIll JIH IlIa e T e e rrpaKTllq e CK Oll: u;eHHO

CTH. H e 0 6xop;H M KOMrrpOMllCC MeJKp;y TOqHOCTbID 

o rrHCa HHJI H CJIOJKHOCT b ID HCCJIep;OBaHHJI. H a H 6 0 JIe e 

y p;a'IHb l e MUT eM aTHqeCKHe MOp;eJIH COqeTaIDT B c e6e 

3TH Kaqe CTBa. B p;aHHOM p a fi o r e npezmaraerca rrozt

xozr, B H eK OT Op Oll: c r e rrea n paapeura ronrak yxae a n 

HOe nsrrrre nporasopeaae. B BOP;H T CR npouenypa pas

6HeHHJI JKH3HCH H Ol'O U;llKJIa CH CTeMbl aa s p e sse a mae 

rrpOlVleJKyTKH TaK, qT05b1 HCXOp;HaJI CJIOJKHaJI CHCTe

Ma aa KaJKp;OM rrpOlVICJKyT K e rrpep;CTa BJIR JIa Cb OTHO

CH T eJIh HO npocro a MOp;eJIbID, 8 1'0 1' rroztx ozr 6h[JI pea

JIHaOBa H B pafiore [1] , rzte paCCM OTpeHa p;ByXBHp;O

BUJI CHCTeMa «X Hru;HHK-JKCpTBa» C MHrpaU;Hell: rro

rryJIJIU;H H XHITl;HHK a, KOTOpaJI 3 a BHCH T 01' ere TpO

c:PH q e CK Oll: CBJIaH C rronyrrarraea JKe p T B . I1p H 3TOM 

rrpo n e c c lPYHKU;llo HHpoBaHHfl cootimecraa npezt

CTaBJIfleTCfl rrOC JIe p;OBa T e JIb H OCT b ID CMeHflIDru;HX 

zrpyr ztpyra CTa p;H ll: . C M eHReM o c T h cTap;Hn xap arc

repna TaKJKe P;JIJI npouecc a y rr p aaneana CHCTeMOll: 

XHMHqeCKH X peaxropoa [2] , MOp;CJIenp;HHaMHKH Me

ranonynarrak, 3KOHOMHq:eC K H X CH CT e M C nepevrea
Hon CTP YKTypOH.. I1p H M Op;eJIHpOBaHHH 3TH X npouec
COB HCrrOJIb3yIDTCJI p;HHaM HqCCK He CHCTe Mhl , pa a
MepHOCTh KOTOph1X, B 3aBH CHMOCT ll: 0 1' COCT OR H HJI, 

MOJKeT H 3 M eH flT b CJI C TeqeHHeM BpeMeHH , T. e . rrpo 

HCXOP;HT p;HHaMHqeCKa.lI p;e K OM rr 0 3HD;H JI CJIOJKHOll: 

Cll:CTeMb1 [3]. B 0 3 MO JKH OCT b ll:CrrOJIb aOBaHlUI Cll:CT eM 

C rr epeM eH H Oll: p a 3 M ep n OCTh ID n p a MOp;eJIHp On UHlUl 

p;HHaMHKll OHOJIOrHqeCKHX c o o ti ine c ra Y KaablBaJIUCh 

erne B pafi ore 10 . M. C BHpeJKeBa [4] . IIp H n o crpo e 

HHH reopan p e aJIH3aU;HH P. K a JIMa H rrp ep;JIOJKHJI [5] 
0 606 ru; H T h rrOH.lITHe p;HHaMHq:e cKOll: CH CTCM bl Ta K H M 

o fi p a ao js , q:T06b1 pa3M epHOCTb ec rrpOC1'p aHCTB 8 co 

CTOJIHll: n MOrJIa MeHJITbCJI BO BpeM eH H . C HcT eM y orr

THMUJIhHOrO yrrpa aneau a c o cMeHon rp a a o a oro rrpo 

CTpaHCTB U p a CCM UTpH BUJI B . r. B OJITJIH CK H H [6] . B o rr 

POCbI MOp; eJIll:pOBUHH.lI MHOrOCB JI3H b l X Cll:CTeM C H 3 

MeHJIIDru;encH CTp y K T y p OM ll:C CJIep;OB aJIH Ch B patio 

Tax [7- 9] . B HaCTOJIru;en p a fi o 'r e rrp o p;OJIJK UCT CR HC

CJIep;OBU H He CHCTeM C nepesr en aoa p U3M ep HOCT h ID , 

HUtIaT Oe aBTo pOM [1, 3]. BBOP;H TCJI rrOH JITHe JIHHe n 

HOll: CHCTeMbI C ne peetennofi pa3 M epH OCT b lO , KOTO

p a x rrpHMeHSIeTCSI P;JISI rrOC Tp o eH H R M o p;e.JlH H H Be 

CT H p OBaHHSI rrpOH3BOP;CT BCH Ho r o 0 6'bep;H H eUUJI. 

I1p e p;rr OJIOJKH M , 'ITO CHCTeMa S COCTOHT H3 n o n 

CHCTeM Si i = 1, . .. , n. B aa H MOCBJI3H M eJKp;y n o ztcn

C'l'eMaMH xap axrepnayror BHyTpeH H ID ID crpvrcry py 

CH CTeM h I. 
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B OP;H JIOClJ 

CTpyKTY J: 

0 6 p a 30 M. 

u eK OTOp lJ 

HJIH OCJIa 

JK e rr OJIHl 

H eK OTOpo 

ua p;HHaN 

pHT h , '11'( 

'Ie - B a 
yERn C K O 

eC JIH nozt 
Me, H Yi = 

'1 U U3 0 Be Il 

S, U JIH t 

cn ezryer , 
aepuru a 
peH Hell: ( 

CTpyKTYJ 

n o aztecs 
HHH npon 
AeM BeK T 

,lJ;HHaMl IR 

,lJ;lIc:Pc:Pe p e 

JKeCTBO 3 

cexaromr 
1l0n l.'1~ = k 

I. I 

Yi = 1, ec, 
y CTp y KT 

C ST H M Be 

MeHeM 3B 

BpCMeHH 

HHe CII CTI 

JluHeHH 
c nepesn 

Bsene 
p;H MH y ID . 

CT OHH ll: n 

MepHo c Tl 

M eHeHH Ff 

C a oxrepa 

Si' j = m 
HHH, aazt 

P;Hll.\HX B 

TOPb 1M ) 

BpeM eH H 

CHC T e 

20 / \IlHCDOPMAU\IlOHHO-VnPAB/WIIOW \IlE C\IlCfEM b l 7 N' l,2009 N'I,2009 



I 

M04E1\IIIPOBAHIIIE CIIICTEM III npOUECCOB 
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aMMKM Me
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ax nponec
'eMbI, paa
:OCTOJiHMJi. 

, T. e. IIpO 

CJIOmHOH 

lITH CMCTeM 

mpOBaHMM 

a3bIBaJIaCh 

II nocrpoe
pom I1JI [5] 
!M hI TaKHM 

laHCTBa co 

I1CTeM y OII

.onoro npo
III[6]. B OII

rCTeM C M3

:Ch B p a6o 

>KaeTCJi MC

depHOCTbIO. 

rHe mmeH

TblD, KOTO

~e JIM MHBe

HeHllJI. 

lilT H3 IIO,n:

-KAY rro)J;cM

CTpyKTypy ,
 

CHCTCM bI. I1CCJIe ,n:OB a H Me BJIMHHHH HX HHTeH CHBHO

CTH aa YCTOHl:J:H BOCTh rrOJIOJKeHHH paB H OBeCHH rrp o 

BOnUJIOCb [7. 8]. 3 )J;e c h JKe paCCMOTpHM BHeIIIHroro 

crpyxr ypy CHCTeMhl. xoropyro BBe,n:eM CJIe)J;Y IO~HM 

o6pa 30 M . B rrponecce epyu K U;H o HHpoB a H H H BJIHHHHe 

nercoropsrx H 3 IIo,n:CUCTe M S, na ,n:H H a M u K y S MOJKeT 

HJI IT OGJIa6C BaT h . HJIH YCHJIHBaThCH . B 0 3M OJK H O TaK

me rrOJI HOe OTKJIIO QeHHe KaKHX-JIH 60 IIo,n:CHCTeM na 
nexo r opoe BpeMH. E CJI U BJIU HHUeM noncacresnr Si 
na )J;HH a M H K y S MOJK H O npea etipe-n., TO 6y,n:eM rOBO

pllTb . TJ:TO Si aaxozra r ca B rraCCHBHOM peJKHMe. HHa

'Ie - B aKTHB HOM . B CB H 3H C 3THM B B e,n:e M BeKTOp 

'fER n G K OM rrOH e H T a ;<;u r Yi' i = 1..... n, U p H 3TOM Yi= 1, 
eCJIl1 IIO)J;CH CT eMa S, HaX O)J;H T CH B aKTHBHOM peJKH

Me. H Yi= O. e CJIH Si - B rra CCHBHOM peJKHMe. B e K T Op 

., Ha 30 BeM BeKT o p OM BHeIIIHeH c'rpyxrvpsr CHCTeMhI 

S. lUII1 . xop oxe, CT p y K T y p OH S. 113 on penenerraa 
CJIe,1{y e T. 11'1'0 y rrpH H H M a e T 3HatIeUH H na MHOJKeCTB e 

sepiuaa e)J;H H H l:J:HOrO n-MepHoro icyfia . Hon B H y T 

peH HeH CT p y K T ypOH CHCTe M hI S Gy,n:e M rrOH H M a Th 

cr pytcr ypy B 38 H MOCBH3 eH M e JK ,n:y rro,n:CHCTeM aMH. 

lIO 3ACCb 3 '1'0 '1' sorrpoc H e OCB e II.J;a e T CH . A JI H OIIH c a 

mUl rrpo u;e c c a H3M e HeH H H crpyrcrypsr CH CT eMhl BBe

Aell'l sercr op yERn C KOMUOHeHTaMH Yi' i = 1. .. .. n, 
llHH a MIlKa xor opor o aaztae'rca uex o-rop oji cHcTeMOH 

iw eplj>ep eH U;H a JIh H h I X y p a B H e H HH. Ilycrr, ,0. - MHO

meCTBO 3 IraTJ:eHI1H Y. ,0.C R n • Paao dsesr ,0. na nerrepe 
cexaIOIII; H eCH n AMHOJKeCTB a ,0.? ,0.} . ,0. = ,0.? U,0.1, 
L\~ n tl l = 0 . B y ,n:e M UO JI a r a T h . tIT O t, = 0, eCJIH YiE ,0.h 
'f; = 1. e CJIH YiE ,0.}. T a K H M 0 6 p a 3 0 M . n pn 1I 3M e H e H H l1 

y crpytcr ypa CIICTeM h l 3B OJI roU;H o H H p y e T. B CBH31I 

C 3TH M BeK TOp Y MO }l{ H O CTJ: HTa T b M H o r OMc p H h l M np e
MeHeM 3BOJIIOUUII ClIc 'reM h l . B OTJIHtII1e 0'1' TeKYII.J;erO 

Bp eMeH l1 t , H 3M e u e liH e KOTOpo I'O BJIIIHeT na CUCTOH

HHe CHCTeM h l. 

JIItHeHHa 51 CHCTeMa 

CnepeMeHHOH:p a3Mep HocTLIO 

B n eA eM B p a CCM OTpeHlIe c.nezryrorrryro M H o r OCTa

Al1HIIYlO JUlHellu y ro CI1CTeM Y . IIy c T b x - BeKTOp co

CTOJiHH H CU CT e M h l S. Xi - ero KOMIIOH e HTh l . P a 3 

Mep Ho CTb x M OJK e T H3MeHHThCH BO BpeMeHH npz H3

Mcn eHlur CT P Y K T y p U CIICTeMbI. IIY CT h rrOACMCT e Mhl 

C HOMep flM H Sh' k = 1• ...• m , a K T H BH b l . a C HOMep a MH 

Sj' j = m + 1• ... • n, - rraCCH BHhI. Bneztera yp a na e
HU R, 3 a~a IOU~ lIe .n:U H a M IIK Y KOMrrOHeHTOB X ' B X O

S k 

ASl~H X B COCTaB x, B 3 a BlICU M OCT lI 0'1' y CJIOBHH. KO

TOPbI M y,n:OBJIeTBopHroT KOMn OH CHThl YSi BeKTopa 

Bp eMeH H 3BOJIroUlIU y. IIy c T h rrplI 

Y >d ' k= l. ... . m. mE{l. .. .. n}; (1 ) Sk sk 

Ys<ds' j=m+ 1. .. . . n (2)
I I 

CllCTeMfl. S 3a,n:aeTCH ypaBHeHIIHMII 

Xs =as s X s + ... +as S X s ; (3)
k III kkk, Tn m 

(4) 

(5) 

rne do • as s' b . • bs . s - aaziannsre nOCTO H Hs~ 'k, k k . s« I" k 
n sre . H prr STOM 6y,n:eM r onopm-t., tITO MHo r o CT a ,n:HI I 

H a H CIICTeMa S Haxo,n:I1TCH B c Tall; 1I 1I S (sl' ... • Sm)' 

3,n:eCb IIHp;eKchl B CK OOK fl X - H OM e pa nep eraea a srx 

X • B XO ,n:H lII;IIX B nannyro craznno. Y p a B H eH IIH (3)sk u 

aaztaro-r ,n:II H fl M H K y sex r opa COCTO H H IIH CH CTeM h l 

B CT a p;IIII S(s l' .... 8 ) , y p a BHeHHH (4). (5) - znmam
MIlK Y BpeM eHH SHO JI roI.I;I1 I1 aKTH B H h I X H IIaCCH B H h I X 

rrO.n:CIICTeM COOT BCTCTB CH H O. 

YMenbULenUe paamepnocm u. CUCmeMbL. IIyCT h 

npa nonanan na TpaeKTOpHH CMCT eMhl (3)-(5) B H C

KOTOphIH M OM e H T BpeM e H H t: 1I3 0 6 JI aC TU (1). (2) aa 
rrJIOCK OCT h Y = d n p a H e K OTopOM lE{l . .. .. m} n po

.{s s{ 

IICX OP;HT nepexon 0 '1' CTa,n:IIII S (s l ' ... . 8 ) 1< CTa ,n:HU m
S(81 • . .. . S" ... . 8 ) , rne CH M B OJIOM St 0 6 0 3H a tIeH 0 '1'm 
CyT CT By roII.J;Mll KOM IIOHe U T B nafiope HIl,n:e K COB . TaKIIM 

0 6 p a 30M . CTa,n:H H S( Sl • • • •• St•••.•8 ) 6 y ,n:eT OrrHChIm 
BaThCR CIICT eM OH (3)- (5). B K OTOp y IO He nxozta r ypaa
nenne, sazta romee IJ:UHaMIIKY n ep e M eH H OH X . • a ypan

s/ 
nenne, aa.aarom ee A H H a M IIK Y Y ' npa aa x aer BH,n:

S1 

Ys =b X s + .. .+ 6 s X s •o • 0

l "1·.') 1 '1 "1, tn m 

rrpHqeM B ero npas oir qaCTlI. R 1'R K JK e B npaasrx ~IaC 

T.HX zrpyr'nx ypaBH cHIIH (3)-(5) OT Cy T CT ByroT crrarae
Mhle. conepxcaume nepexrennyro xst' AJI.H rpopx a rn> 
aer-o ormcan a a npon ecca Y M eHbllIeH H R paaraeprro
CTII BBe,n:e M CJIe,n:yroII.J;He 0603HatIeHIIH. 

Ma mpuuu:
 

A = {a ij }, i, j =1. .. ., n;
 

A(s l ' .... smlPl' ... . P ) - MaTpIII l;a. COCT OH lII;a H II3r
SJIeMeHTOB M a T p lIUhI A, CT OHII.J;UX aa rrepecex ea n n 
ee CTp OK II CTOJI6 U;OB C H OM ep a M II 81' .. . . Sm H PI' ... . P; 
COOTBeTCTBeHH O; 

A(81' .... 8ml81' .... 8 ) == A (81' .. .. 8 ) - K Ba .n:p a Tm m
HaH MaTpIIu;a rropaznca m , COCT a B JI e H H a H H 3 3JIeMeH 

TOB MaT plIUhl A, CTO H II.J;n X n a nepeces ea an CT p OK 

H CT oJI6 u o n C HOMepaM M 81' .... 8m ; 

A (81 , .... S" .. .. 8 ) - KBa)J;paTHaH M a TpHI.I;a nom 
pa zuca m - 1. rro.ny-rennaa H 3 A(81' ... . 8 ) y p;a JI e H 11m
eM 1I3 nee CT p OK II H cro.nfiua C H OMep OM 81; 

A(81. . .. . Os' .... 8 ) - KBRp;p a T HaH srar pa u a rrom
pH,n:K a m . nOJI1yqeHHaH 113 A(81' .. .. 8 ) 3 flM CHOH eem
CTpOKII H cToJI6 u a C HOMepOM 81 HyJIe BOH CT pOKOH 

II CTo.n6u;OM; 

A(81' ... , 8 l') - M a T p IIu a. COCTan JI e HHaH U 3 3 JI e m
MeHT OB MaTplIUhl A , CTOHII.J;U X Ha n e peCe l:J:eHIIII ee 

CTpOK C HOMep a MII 81' .... 8 II CTo.n6 u;OB CO BC e MH HOm 
MepaMII. He p a BH hIM II 8 1, ... . 8 , T. e. C H OMep a M H m 
MHOJKeCTB a {l . .... n}\{81' .. . , Sm}; A(s l' ... , 8ml' ) HMee T 

pa3MepHOCTf. m x (n - m); 
B={bij}, B= {bij}, c = {elj } - 3ap;aHHble M UT p lIII;hl 

C nOCTOHHHhlMII SJIeMeHTaM U . i . j = 1•...• n. 
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Bexmopu : 
xes!, ... , Sm) = (x s ' 

= (Xs1(t ), ... , X s) t» 
* 

;
1* 

Hl1pOBaHHJI; 

X(Sl""' SI'''''Sm) 

... , Xs r E R m; xesI' ... , Sm)(t ) = 
m- Cl1MBOJI oneparra n rpancno

- BeK TOp, rrOJIy ' IeHHhIH 113 

X(S1' ... , Sm) yzta n ea a e vr H3 Hero KOM rr OH eH Ta C HOMe
, ) R m- 1 

pOM SI' X(Sp ... , Sl' ... , Sm E ; 

X(Sl' ... , Os ' .. ., Sm) - BeK TOp , rrOJIY1.J:eHHhIH 113 

xes]' ... , Sm) 3 ~MeHOH ero KOMrr OH eH Ta C HOMe p OM Sl 
HyJIeM. 

'I'orzta CTa .r.\HJI S(S l ' ... , Sm) aaztae'rca ypaBHeHH HMl1 

CTa ,n;HH S(S\ , ••• , Sl' .•• , Sm) 3a,n;aeTCH ypaBHeHHHM lI 

X(St ' , Sp ... , Sm) = 

= A(SI' ... , Sl' , Sm) ' X(Sr,"" SI' ... , sm); (9) 

y( Sl ' ••• , Sl' ... , sm) = 

=B(sl ' ... , 81 "'" sm ) ' X(SI ' " ' ' Sl' .. . , sm ); (10) 

y ( I ' sTraP ... , Sn) = 

= B(SI' Sm ~ l' ... , Sn I)·X(SI' ... , Sl' ... , Sm)' (11) 

Bneztexr cPY H K IJ;H l1 nepexozta <l'-(SI" '" SI" '" Sm) 
OT S(S 1' ... , Sm) K CTa ,n;Hl1 S (Sl ' ... , Sp ... , Sm)' Ilvcri, 
Z«Sl' .. . , Sm)(SI» = (X' 1' ... , X Sm ' Ys/" · Torzta 

q>-(Sl' ... , Sl ' ... , Sm) : Z«Sl' ... , Sm)( SI» ~ 

~ ( x(Sl , ,, , ,SI" " ' Sm ) ' dsl- e,,/; (12) 

x(S\ ' ... , Sm) = C(SI ' .. . , °p ... , Sm ISl ' ... , Sm)X 

XX(Sl ' ''''Sm)' (13) 

rne eSt - aanarrasre no noacarerrsnsre rrOCTOH H H hle. 

IIpH 3 TOM 

X(Sl'"'' sp ... ,sm )( t - + 0) = 

= x(Sr ,'''' sm)(C). (14) 

Yeenuwenue paemepnocma cucmeMb£. Bepnesr
CJI c n o s a K 06JIaCTH (1), (2) 11 K cooTBeTcTBYIOIIJ;eH eH 

CHCT eM e (3)-(5). Ilycrt, npn nonananna rpa e x r o p aa 

3TOH CHCT eMhI B M OMeHT npexrerra t + 113 o GJIa CT H (1), 
(2) Ha rrJIOCK OCT h Y = d rrpH HeKOTopOM p E{m +s sP P+ 1, ... , n} rrpOH c x O.r.\l1T rrepexo.n; OT CTa,n;lIH S(s1' ... , 
sm) K CTa ,n;HH S(s l ' ... , sm' Sp), KOTOpaJI Gy,n;eT onHChI

B aThCJI CHCTeMOH y paBHeH H H 

Y. = bs s X s + . .. +bs s X s +bs s x s ; (16)
' k h" 1 '1 h'm m · h . · p P 

22 / lilHlDOPMAUVlOH HO- Vn pABI\S1IQW IIIE CIIICfEMbl 

Ys. = bs d X s + ...+b8 . 8 Xs +b•. s X s ' (17)
} T' 1 1 J' m rn J' p p 

r ,n;e k = 1, ... , m, p; j = m + 1, ... , n, j *- p, HJIlf 

x(sl ' ... , sm' Sp) = 

= A (Sl' ... , Sm' Sp) ' X(Sl '"'' Sm' Sp ); (18) 

y(SP"" Sm' Sp ) = 

= B(sl' .. . , Sm' Sp)· X(Sl ' . .. , Sm' Sp) ; (19) 

y(Sm+1' ... , Sp' ... , Sn ) = 

= B (Sm+l ' ... , Sp" '" Sn I·)· X(Sl ' . .. , Sm' Sp). (20) 

Baeztess lPYHK:U;HH nepexona q>+(s l' ... , Sm' Sp) OT 

S(S1' ... , Sm> K CTa.n;H H S (S1' •.•, Sm' S) . Ilycr r, Z«Sl' ... , 

Sm)(SI» = (X ' . .. , Ysl· Tor zta q> +(S1' ... . Sm' Sp): S1 X Sm' 

Z«SI' ... , Sm)(SI» ~ 

~ (~ .... , Xs ,Xs .d, +cs )* = 
1 m P p P 

= (X(S1' " "Sm ,sp ), ds + cs )*, (21)
P P 

rAe 

X(SI ' .... Sm' Sp) = 

= D(Sl' .. .. sm' Sp !Sl ' ... ' Sm)·X(Sl ... . . Sm). (2 2) 

IIpH n OM 

Onpeiienenue. C H CT eM a (1)-(23) H a 3h I B a e T CH JIH

HeHHoH CHCT eMOH C nepesrea a oa p a 3M epHOCThIO 

(JIC I1P ) . 

qacTHhI H CJIy1.J:aH JIC IIP 6hIJI paCCMOTpCU B p a 6 o 

Te [2], rne CTa.r.\JI H , COOTBe T c T By lOIIJ;a H m nO.r.\CHCTe

MaM , H M e eT BIf.n;S(l, ... , m). 'I'axa a ClICTeM a aaasis a
e TCH nOCJIeP;OBl1TeJIh HoH. 

Bascewanue. Paccraor pea a y ro JICIIP Mom H O aa
.n;aTh T a Kme CJIe,n;YIOIIJ;Hl'YI o6p a 3 0M. Ilycr t, 

a =(al , · .. , a )* E R n • b =(b1, .. · , bn )* , n 

a(b) = (al bl , .. ·, anbn)'k, neb) = (al bp ... , anbn ) *. 

.naJIee, eCJIH A = (A l *, ... , A *)* - MaT pHI~ a, rnen
A/ - CTpOKa C HOMep OM i , TO rrycru 

A(b) = (blAr *, . .. , bnA n*) *. 
ECJIH Yi - KOMrrOHeHTb I sex ropa crpy rcrypsr, TO 

o Go 3U a'-l l1 M -y = 1- y . y-= (-y . -y)* Tor .n;a .n;H Ha-
L Z' ! ' • • • , n • 

MIIKa JICIIP 3a.n;aeTCH ypaBH eHH H M H 

X(y ) = A(y)x(y); 

y(y) =B(y)x(y); y(y) = B(f)x(y). (24) 

Onpeoenenue. BeK TophI y(y)ERn , y (y) E R n 
H a 30 

BeM BeK T opaMH a KTHBHor o H rr a CCH BHOI'O BpeM eHIf 

3BOJIIO :U;H If COOTB eTCT BeH H O. 

7 Ni l. 2009 
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(17)XSp' 

iIJIH 

); (18) 

); (19) 

, sp)' (20) 

, Sm' sp) 01' 

:Tb z« Sl' ... , 
.., sm' sp): 

(21) 

iBaeT CH .nn
MepHOCThIO 

pea B pati o
l noztcacre
Ma Ha3hI BR-


MomHO aa

yxr ypsr, TO 

'or n a )J;HHR

(24) 

)ERn 
Haao 

ro BpeMeUH 

,
 

BBe.n;e M y rr paa rta esry ro JICITP 

x(y) =A (y)x(y) + C(y )u ; y(y) =B(y)x(y) +C(y)v ; 

yeV) =B( y )x (y) +C(y)w, 

rae UER r
, v ER s, wERP - yrrpaBJIHIOI.l\H e B03,n;eH

CTBHfl; C, C, C - MaTpHIJ;hI COOTB e T CTB Y IO I.l\H X pas
MepHOCTe H . B cr ar se [2] penr aer ca aa ztaxa ynpaarre
HUH.crpyrcr ypoti nOCJIe,n;OBaTeJIhHOH JIC IlP . 

MOAeJIb npOH3Bo)J;cTBeHHoro K OMnJIeKCa 

PaCC~lOTp I1M 3KOUOMI1qe CK YIO CI1CT e M Y, COCTOH

LQ YIO I13 H 3M e U.fl IOI.l\e r OCH KOJIHqeCT Ba no,n;CI1CTeM. 

3 1'0 U3MeH eH He npOI1Cx o,n;HT COrJIa CH O n p a BHJIaM, 

YCTaUaBJII1B a eMhI M nex o-ropsrsr ue arpora yrrpa nrre
HlUI (IJ;Y). ITp H M c p o M TaK o H CH CT CM hI MoryT 6hITh 

rocynapcm enaaa 3KOHOMI1K a , cocroa uraa I13 orpac
JIcH npoaaaoncr aa , H JI I1 xpyn naa n p OH 3 B o ,n;CTBeH

Ha ll Iw p n Op a IJ;M,H, cPHpMR, 0 6 'hc .n;H H e H H C, B COCT a B 

KOTOp hI X BX O.n;.fl T rtpezmpa a r n a , BhrnYCKaIOI.l\I1e He 

l\OTOp y ID n p o,n;YKIJ;H IO . ,IJ;JI .fl IW HKpCTH 3a IJ;H H npen
naraexoro nonxona K n OCT p OCH H IO COOT B CTC T B y IO 

IT(e rl MOAeJIH p a CCM OTpH M npOH3Bo.n;CTBeHH o e 06'h

e.n;HHeUHe ( ITO). U;Y ,n;OJI)KeH pacnpenerrars HHB e 

CTH~H If no rr p e ,ll;U p H .fl TH ,HM .n;JI ,H a x pa3B HTH.fl . U e JIh 

p aaBH TI1H COCT OllT B .n;OCT ll)KeHllM npe.n;npI1.flTH.flMH 

HeK OTophIX aana mn.rx Y P OB H e H B T eqeHHC 3 a.n;aHHO

ro npovescyr xa BpeMeH H [to' to + T ] . ITP H 3TOM UY 

MOiKeT aaxpsrr r, K aKOe -JIH 6 0 npezmpa m ae H JI H B O· 

306u OBHTL ero pafio-ry B 3aBH CHMOCT H 0 1' s cPcPe K T H B 

HOCTH ero ,n;e ,HTeJIhHOCTH, a TaK)Ke MO)KeT OTKPhITb 

HOHoe n pennpu ar ae n pa H e KOTo p bI X YCJIOB I1,HX. 

Ilvcr s KO JIH'IeCTBe H H R.fl xapa rcr epncr mca COCT O

lI HIUl. i-ro npezmpnm-a a B MO M e HT BpeMeHI1 t onpe
)J;eJIReT CH (I)YHKI~ I1 e II x i(t ) ;::: 0, x i(t )ER . CKOpOCTb 

npa pocra H H BCCTH IJ;H H B npezm paarne i B MOMeHT t 
0603HU'-lIIM xep ea !l i(t , Xi(t» , u iER , u i(t, Xi( t» ;::: 0 . )J;a 

nee, IIy CTb a/ t) - CK Op OCT b n pa pocr a ypOBH,H pas
BllTlH I IIp e.n;n p H H TIU r i a a en;HH H IJ;y K anHTaJIa , B JIO

}l WHHOr O B H er o , n pHq eM ai (t ) ;::: 0 , ai(t ) - orpaaa
'leHH hIe , K yC O'lH O-H eU p ep hIBH hIe ql y H K IJ;H H, at(t )ER . 
T OI')J;a A ll<pt}J epeH IJ;H a JIhH Oe ypa aa ea ae, aanaromee 
.n;UHa MHKy p a 3BHTH.fl i-to npezmpa srraa, H M e eT BH,ll; 

Xi = ai ( l )Ui(l , Xi)' 

3aMeTHM , 'IT O KOJIH'IeCT BO n pezmpa arna, cPyHK

~IlOHIIPY l.OI~HX B COCTa B e ITO , He aazraao . B pafior e 
[lOJ paccaar pa na nacs Mo.n;e.JIb C rrOCTOHHHblM K OJIH

tICCTBOM n p ezmp a a r n ji. B y ,n:e M CtIH T a T b, 'ITO HHBe 

CTH~HH, aarr p a a n a e xrsre U;Y na p a3BHTHe z-r o n p ert

npn a r n a , COCT O.flT H3 c 0 6C TBeH H b I x c p e n c r a H xpe 

AllTOB 6 UH K a, x o 'ro p s r e rrorry n aer ITO , a U 'Y pacnpe

AemleT rro u pe.n;npH .fl T H H M . T a K H M 06p a 3 0M: 

Ui(t, X J = ~i (t)x i(t) + Wi (t, Xi) ' 

n l e ~I i = )Ii(t ) - KOscPcPHIJ;HeHT, xapaKT e pH3Y IOI.l\HH 

CK OpOCTh U p H p oCTa c 0 6 CTBeHHbIx Cpe,ll;CTB npeAnpH

.flTH.fl na e.n;H HkI IJ;y 06'h8M fl ero nponyx rra z : Wi = Wt(l , 
X) - CKOp OCT b UpHp OCT a llH B e CTllIJ;H H aa CqCT repe
,ll;HTa 6 aHKa. ITPll 3T OM Jli(t) ;::: 0 , wi (t , x ) ;::: 0, Jli( t ), 
w i(t, x) - K y COqHO-HenpephIBHhI . OTCIO,ll;a n O.JIyqa

eM ypannemre ,ll;llHUM H K H n pezmp a rrr a a i 

(25) 

IIYCTh to - MOMeHT H a 'Ia JIa cPY H K IJ;H OH H p Oa UH ll,H 

npermpaa'raa i, Bsenesr nepesreaayio Yi: 
t 

Yi(t) = Y? + J(ci ( t , Xi (t» - Wi ( t, x i (t» d t , (26) 
to 

rzte cl(t , x P » , y?- aanamrrae nopor oas re cPyHKIJ;HH 

H U OCTO H H H hIe COOT B e T CT B eHHO. IIpo ,n;HcPcpep e H IJ;H 

pOB a B p a B e H CT BO (26), nOJI y 'IHM 

(27) 

T aKHM 0 6 p a 30 M , npezmpa a r ae i .flBJI ,He T C,H nozr
CH CT e M OH S, B MOlI:eJI H JIC ITP . ITYCT b aaatio.nsm ee 
1J:HCJIO npezrnparrra fi, xor opsie Mor y T BXO,ll;H T h B c o

CTa B ITO, paBH O n , iE{l , ..., n}.B y .n;e M H a 3hIB a T b npezt
npasna e i , n;H H a M H K 8 x or oporo 3R,ll;aeTC H c n c T e M o H 

ypa BH eHHH (25), (27), 8 K THBHbIM. Bel{TOP YC x oxrro
HeHTa MH Yi n penc'raana er C0 60H 3BOJIIOIJ;U OHHOe a p e 

M .fl ITO. B hI.flCH UM 3KOH OM H 1J:e CI{H H CM hICJI Be.JIHtIll 

HbI y . B B e A e M nOCTO.flHHhIe nopor n di , d , < y? ITY CT b 

H aH,n;eTC.fl HallM eH bIllHH M OM e H T BpeMeHH t i > to r a
K OH , 'ITO Yi(t ) = dt . Torna B M OM CH T BpeM eHH t i npo
HCXO,ll;llT 3aKphITHe i-ro npezmparrrun. 3 KOH OMHq e 

CK H H CMbICJI aroro n pouecca COCTOIIT B TOM , '-l TO 

3cPcPeKTHBHO pafio'raiouree npezmpa a'r a e ,ll;O.JI)KH O 

B 60JIhIlleH CTeneHM pa3BH a a TbCR He aa cxer xpezrn
TOB , a aa cxer c06CTBeHHhIX cpeztc'rs . IT0 3TOM Y npe
asnnen n e cPy H K IJ;MeH w tCt , X) nopor oaoro aaaxea na 
cJt , Xi) 03Ha'IaeT, 'ITO i-e rrpezmpa srrae H Cn OJI h 3yeT 

CJIHrnK OM MHoro Kpe,ll;HT OB, xoropsre n pazier ca n o 

raurars C nOMO I.l\b IO c 06CT B eH H h I X c p e A CTB . 3 1'0 a s 
JI.fleTCH rrpH3HaKOM He3epcPe KTHBH oH ,n;e .fl T eJI b H OCT H , 

'ITO npHB O,ll;HT K rr pHH.flTHIO opr ano ra y u p UB.JIe H H ,H 

p em ea n a 0 npHOCT a H OBKe np ennp a ar aa. B03HHK a 

er nonpoc: x orrra aarcpsraar r, n p ezmpaa r a e? ECJI H 

ero aax psrr s B M OM eHT B b I n O.JIH e H H .fl yCJIOBH H wt(t , 
X) = ci(t , X) , TO npOIJ;eCC 38K P hIT H .fl CT a H eT CJIHrn

KOM qYBCTBHTeJIhHhIM H 6 Y lI:e T pear-apoaar 's H8 

MrHOBeHHbIe C6 0 ll B pa6 0 TC npennpa ar na, npasons 
nrae K MaJI0 3Ha'IHTeJIhHbIM CH H )KeHH .fl M ero 3(pcPe K 

THBHOCTH. )J;JI.fl oprana y n p a B.JIe H H H )KeJI 8TeJI b H O H e 

x or op oe Bp eM .fl Ha6JIIO,ll;8 T b sa ,n;e.flTeJIbH OCTbIO ripen
npU .fl T ll.fl, npexcne 'IeM IIpHHHMaTh p eure a n e . II03 T O

M y HaJIHqHe mrrerp ana B y CJIOBH H 3aKp hIT H H y ;(t i) = 

= d, n p a zta e r netco r o p y ro :vmep u,H OH H OCT b B n p a na

THH penremra 0 3aKphITHH rr p e.n;rr p H,H T H H , 'ITO .n;aeT 

UO CJIe,ll;HeMy B03MO)KHOCTb o T p a 6 0 T a T h Bp eMe H H b I e 

c 6 0u. H a n p OT H B , eCJIH HU3K 8 .fl 3 cPcPe K T H B HOCTh e r o 

pa60ThI, 'ITO np0.flBJI.fleTC.fl B BhIllOJIH e H H lI Y CJIOBllH 

w i(t, X) > ci(t , Xi)' H a 6 JIIO,ll; a eTC.fl B TeqeHHe AO CTaTOq

HO ,ll;JIHTeJIbHOrO npOMe)KyTKa BpeMeHH, TO opr a H 
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ynpan.nerraa aax p sma er i-e npezmpxar-ae B MOM eH T 

ti ' BBe));e H H hlH asnne. IToCJIe a a K p hlT H .lI i-e npezmpn 
.lITHe nepexozrar B rra CCH BHhIH pe:lKHM, KO T Op OM y CO

OTBeTcTByeT CH CTeMa y p a B H eH H H : 

~i = - PiWi ( t , Xi ), eC JI H Xi > OJ


\ Xi = 0, e CJI H Xi = 0; (28)
 

Yi = ci(t, x i ), 

r));e rrOCT O.lIHHhIe Pi' x i - y)); OBJIeTB Op.lIlDT YCJIOBH SlM : 

P i > 0 , Xi- = Xi(ti + 0) < Xi(t ). Ilepaoe ypaaneirae (28) sa
ztaer ));H H a M H K y B03Bpa T a K pe));H T OB , TpeThe - ));HHa

MHKy HaKOrrJIe H H Sl pecypcoa , By));eM Ha3hIBaTh n pezt
npa srr ae i, ));HHa M H K a xoropor o aanaerca ypa ua eaa 
.lIMH (28), 3aKOH c epBHpOBaHHhIM HJIH rraCCHBHhIM. 

Teneps p aC CM OTpH M nponezrypy B0306HOBJIeHH.lI 

pa60 T h I n p en n pa a -ra a i. TIYC T h a a HHTepBaJIe (tp t;) 
Y/ l ) < d , H yJt) = di • Torna B MOMeHT BpeM e H H t; 
IJ;Y nepes ona r npezmpna va e i H3 naccaaaoro B a x 
T H BHhI H p e Ji{ H M , H e r o ));H H flr.U iKa aazraerca y pa s ae 
H H .lI M H (25), (26). ITP H :3T OM xJt;)=xJt; +0) = xi' 
y;(t; +0) =d, +0;, rne Xi' C\ - aazrarra sre nOJIO:lKH

T e JI hHhl e nOCTO .lIHH hle . H a JI H l:J: H e nOCTO.lIHHOH c\ np n
BO));H T K CK al:J:K00 6 p a3HoM y H3MeH e H H lD Yi(t) n pn ));0

CTH:lKeH H H ero noporosoro 3H fl l:J:e m U l di • Ilpezmpa 
.lITHe no.ny-raer Ha"Ia JI h H hl ll Kpe));HT na p aaam-ae, 
HHal:J:e MO:lK eT ox aa ars c a , l:J: 'fO cpaay rrO CJI e or xpst 
T H H e r o n p H ));e TC H aax psm ans. T a K H M ofipasora, eCJIH 

na a ex or opora rrporeexcy'rrce [to' to + T ] B COCT a B ITO 

BXO));.lI T aKTHBHhIe il' ... , i H naccanasre i 1' ..., i km 
npennpa ara a , T O ero ));HHaMHKa aaztaerca CH CTeMOll 

ypaBHeHH H 

1.	 KHpUJIJIOB A. H . SKOJIOrHl:J:eCKHe CHCTeMhl C rrepe saea

HOH paasrepaocr r.ro II 0603p elIHe rr p HKJIa)'lHoH H npo
M blillJie H H o i1. M a T eM liT I1K l1 . i 9 9 9 . T. 6 . B M U . 2. C. 318
33 6 . 

2.	 KlfplfJlJIOn A. H. Ynpamreaa e M HOr OCTfi )'lHH H bTM H 

Te XHOJlOrI! lle CK H M l1 n pollecc;aMl1 II Becenmc CII6f Y. 
Cep . 10. 2006 . Bxm. 4. C. 12 7- 131. 

3.	 KHPH.1JJIOB A . H. .D;lm llMn llecK fi R ,l'leIWMn 0 3HllHH H yc
TOHIUIBOCTb CTPY K Ty p II M a TeM a TH llec KHH a HaJIH:3 Hero' 

npHJlOJKflH H H I q eTH HCK . nezi. H H-T HM. H . f. q epH bl 

rnes cx or o. ~bITa , 1996. Bsm , 2 . C. 2 0 - 2 4 . 

4 .	 CBH pe~eB 10. M. HeJIll He llHbl e BOJIHbl , )'lHCC llnaTHB~ 

nsre CTp y KTyp bI n x a r a c r p o tp s; B ilKOJIOrllH . ·l'vL: Ha
yx a, 198 7. 368 c. 

5.	 K aJIMaU P., ~ aJI6 II., A p 6 u6 M. O tICp K H lJO MD.TCM aTH 

tI e CKOV! r eop a n CHCTeM . M.: M l'I p ,. 19 7 L 4 00 c . 

i; .	 =11 (t) x . +w (t , x ); '5	 Y,lJ,K OO l.s	 rls ls ls 

y. (t) = c. (t , z . )-W. (t , z. ), 
ts L8 L9 ts "s 

s= l , ... ,m j Hen 
j 
~ir =-Pirwir(t , xi) , eCJI HXir > 0; 

x ir = 0, e CJIU Xir = 0; 

V'	 = c ' (t, x :- ) , r = 1, ... , k.Jr Jr Jr Halfa llb 
M O:lK H O p a CCM OT p e T h rrp ou ezrypy OTKphl T H .lI a oaoro DAD I'Yi 
npezmpa srr a a , a H e paaee aa sropoacen a or o. B y));eM, 

nanpnstep, C"IH T a T h , "IT O ITO pacunr pa er ca , or xpsi
s aa H OBo e np ezmpa a -ra e, B MOMeH T ));OCT H :lK e H H .lI B c e

M H npezmpa arn a sra, B X O));SIIIJ;llM H B H ero , H eKOTO

psrx aa));aHHhI X] p OBH e H p a3BMTHfl ei' ITY CT h aa npo: 

M e:lKyTKe [t o' t ) ITO COCT OH JIO H3 n n pennpaar n a 
(aK THBHhI X H rra CCH B H h I X ) , r ));e t - H flH M e H h lIIHH 

MOMeHT nperaeaa, ));JIfl x or o p o ro BhIrrOJI H .lI lDT CH yc
JIOBH fl y{ i ) 2: e., i = 1 , . .. , n , n pa x en npa t < t XO Tfl 

6hl O));HO H3 3THX Hepa B e HCTB He BhrIIOJI HHeTCH . T o r 

zta B MOMeHT apesreaa l oprarr yrrpa anea aa ITO OT

rcpsmaer HO B o e (n + 1 ) - e n pezmpa a 'rne , ));H H fl M H K a 

aner; 
HOl1 t 

CI1C (I 

K, 

toes», 

rcoroporo 3a));ae T CH ypa B H eHH SIMH THn a (25), (26), BBeJJ;eH 
H npa :'.ITOM x n + l ( t ) = xn+1' Yn + l (t) = Yn +l' xn+l' 
Yn +l - aanannsie nOCT OH H H h l e , y));OBJIeTBO p .lIIOIIJ;He A KTl 
YC JIOBH SlM d.ll + 1 < Y n+l < en + 1:. ITPH :3T OM Yi(l + 1'0 n pa x 
+ 0) = e i + 01.' i = 1, ... , n , r n e 8; - aanamrsre no  rpa M M 

JIO:lKHTeJlhHhle nOCTOHHHh l e . HHe . Be 
T a K H M o 6 p a 30M , na OCH OB e nOHHT U H JICITP n OCT " U M e e T F 

po ena MO));eJIh ));MHaMUKM no C M 3M e H H lDIIJ;H M Cfl IJ;H lO, HO 

B npou ecce q>y HKll;>-IOHHp OBaHUH KOJIHl:J:eCTB OM ripen 0 6 p a a o N 

npHHTHH. r pflM M h: 

II60JI e e 

M O));eJI H J 

npor pa s 
Pane 

6.	 BOJITHHCKHii B. f. 3a.D;a QH O ITTH M \i3 11U;Hlif c o cMeHoM AH fl rpa~ 

rp a30Bor o n pocr pa ncr nay/ ,[J;H$4lep eHllHaJIhH bl e ypas  [1- 3], o( 
HeHHH.• 1983 . T. 19. M 3. C. 5 18 - 5 21. THKa xa 

7.	 illuJIl>HK A. ,ll,el reHT p a JU 13 0 BllHHo e vn ua aneaae CJlOJK" H a60 p a l 

Hbl MH CI1CTeM a M li . M .: M H p, 1994 . 5 7 6 c . zte eHHE 
8.	 fpyiin-I '.11. T., MapTbIH1011: A . A ., PH66euc-naHeJIJIa M. COB 0 6 'b 

Y CTOI1QH BOCT h rcpyrra osracm r afia srx CHCTeM npa r p a M M a 

CTp y K Ty p HbI X JI c Jl Hry JU l p HhlX B03::.-rYIII;eHH H X . KHea: CK Oll Me 
H aY K . .llyMK a , 1 9 84 . 4 73 c. IQIIX K O: 

9.	 O XT H JICn M. 10., C OK OJIOB B. B., IOcynoB P. M. HHTe.'r  JI1IpOM e 
Jl eK TY8JIb H ble TeXHOJIOrHl1 MOHl1TOp U Hra U ynpaane H acr 
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