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B pamxazr meopuu weynpyzocmu 3HI0OTPOHHO20 TMUNG, YYUMBEaWeEd JuLAMAYUN0,
UIYHENDL 00HO0CHOE U 08YOCHOE 3NAKONEPEMEHNOE OEPOPMUPOBANUE PAIYNDOUHANULUT-
ca mamepuanos. [pedaooicenn onpedesnrowjue coomnowenun, 0606wennve na 06-

aacmy Goavwuz dedopmayui. [Tpusedenv. npumepv,, JEMOHCMPUPYHOUSUE BO3MOIHC-
HOCTRU TEOPUL.

Kniouensle cnoBa: weynpyzocmb, aH00TPORHAR MEOPUAR, ONPEIEAAIOULUE COOTMHOULE-
HUA, JBYOCHOE HAZDYNHCERUE, PAIYNDONHANUUECE MATLEPUANDL.

Beepenne. Pazynpounsionuecs MaTepualbl, KpuBble TeOPMHPOBAHUS Y KO-
TOPBIX UMEIOT MaJAr0LIMe BeTBU, OBIIH OOHADYXKEHBI NOCTATOMHO JABHO H, €CTe-
CTBEHHO, BCE 9TO BpeMsi IPUBJIEKaNy HUManue ucciaenosateseit [1-10]. Oraensro
ormernm nukja pador B. B. Crpysxarosa [11-16], B KoTOPbIX [10BeAEHUE PA3yTpOU-
HAIOMIUXCST MATEPUAJIOB ObIJI0 PACCMOTPEHO Ha OCHOBE TEOpUH TeueHus. B mpenya-
raeMoif aBTOPaMHU CTaThe B PAMKaX SHAOXPOHHOM TeOpUH HEYIIPYTOCTH AJIsE MAJIBIX
nedopManuil H3IAraroTCsl HEKOTOPbIE Pe3yJIbTaThI, MIOJIy HeHHbIe IPU OZHOOCHOM U
JBYOCHOM 3HAKOIIEDEMEHHOM *KECTKOM HAarpy XeHUU DPadylPOYHSIOIUXCS MaTepH-
asioB. PesynpraTsl Hosiee paHHUX UCCIEA0BAHUN ABTOPOB 110 Pa3yIPOYHAIOLMMCA
MaTepyrasiaM MOXHO Haittu B [3,6,17].

Oupenensiomue coornowenus Teopnu. McxoaubpiM s aHau3a BbIOpaH Ba-

PHAHT SHIOXPOHHOH TEOPMH HEYNPYTOCTH, YYUTHIBAIOLIMN JUIATALNIO MATepHa-
sos [18], B dopme

! ! !
RN RN | .. W5 )
2G| Y dR dR  g+a’
(l B O‘) i /
dao L dRO 1
ag +7:ﬁl_ = Bgoﬁ’ Ry = g9 — 'R“UO, gp = Oiiy, €0 = Eii- (2)
3neco agj, 5;]-, R;]- — JIEBUATODbBI TEH30POB HANpPsizKEHUH, AedOpManuil U BCIIOMO-

raTeNbHOTO MapaMeTpUYeckoro Tensopa R;;, G — Moayns casura, K — oObeMHbli
MOAYJ/Ib, T — aHAJIOr AePOPMAIMOHHOTO NPEeesia TEKYYeCTH, ¢ — aHaI0r Koaddu-

LHUEHTA YIPOYHEHUS, (¢ U 7y — [1apAMEeTPhl SHIOXPOHHOCTH, [§ U k] — KOHCTAHTbI
MaTepuasia.

Fauti Hcaarosuw Kadawesuw (m.d.-m.H.), npodeccop, xad. seicweilt marematuku. Cepzed
Hagrosun Homwmrur (K.d.-M.H.), DOUEHT, Kad. BbICLIEH MATEMATHKH.
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Mccnegoeaﬂue OOHOOCHOIO H ABYOCHOrO Harpy>XeHus pa3ynpOYHAOUIHXCA MATEPHAJIOB . . .

BaxHbIft wacTHbIN coydait cooTHowenuit (1), (2) Bosuukaer mpu o = 1 u
7= 0. Torga mony4aem, 9410

s 5 =5 3

20("””@ & g+l (3)
dRy k1

&y = d&;]d€;j, = d : 5 Ro = €9 — an

B pabore [19] 611 BbIENIEH YACTHBINA CIydail OMpeAeNsiiolMX COOTHOWEHUH (3),
xorma k1 = 0, u mpuBemeHbl PE3yJIbTATHI UCCAEAOBAHUS HEKOTOPBLIX BAPUAHTOB
TPEXOCHOT'O TIPOCTOrO HAIPY2KEHUs YIJIOTHsSIeMbIX MaTepuasios. Ilog npocThiM Ha-
rpyKeHueM MOHUMAeTCs: HarpyxeHue (medopMmupoBanue) 6e3 pasrpy3ku uiu 6e3
H3MEHEHMsl yIyia BUa TeH30pa Hanpsxexus (nedopmanuit). 3pecs xxe B [19] 6bu1
chopMynupoBaH U OB 3aKOH muaTauru B dpopme

BlRo) = 42 @
- dR’

OCHOBHBIM TOPMO30M YTOUHEHUS IHAOXPOHHON TEOPUM, IO MHEHHMIO aBTOPOB, 51B-
JII€TCs1 OTCYTCTBUE IETKUX SKCIEPHMEHTAIBHBIX JaHHBIX IIPU 3HAKONIEPEeMEeHHBIX
U CJIOXKHBIX HarpykeHusix. Jlo CHX mOp HE MOATBEDKIEHB! IKCIEPHMEHTAJIbHbIE
pedynbTaThl, nosydennsie eme J. KonymbacoMm, st psia MaTepuasioB IIPU OLEHKE
munarauun [20,21], X0Ts OHE, HECOMHEHHO, JOJKHBI IPUHUMATLCS BO BHUMAHUE
uccyeoBaTeIIMU-TeOpeTHKaMu. B HemasHO ony6smkoBanHoN pabore B.II. Pag-
yenko u E. A. Arjpeesoit [22] ormeden psig MHTEPECHBIX TEOPETHIECKHUX OCOOeH-
HOCTe! TOBeHEeHUs! PA3YNPOYHSAIONMXCA MATEPUAJIOB [IPU 3HAKONEDEMEHHOM Ha-
rpy>xeHun. B uwactHocTH, 6bUL1a MoATBepk AeHa runoresa B.B. Crpyskanosa [13]
06 «mHBepcuny 3ddexra BaymmHrepa.

JemoncTpanyonsnie npuMepsl. B npejnaraemMoit craThbe Ha OCHOBE TEOPUH
(1) paccmaTpuBaeTcs 3a4a4a XKECTKOrO HANPYKEHUST PACTsKEHHEeM-CKaTHeM: TIPU
dey > 0 mpoucxoauT pactskenue, a npu de; < 0 — nocsenyromee cxarue. B sTom
ClIy4ae uMeeM

a1#0, ea=¢e3, 01#0, ga=03=0, e =¢61+26, & =1+/2/3e1—el

[lapamerpsl TeOpuy U KOHCTAHTHI MAaTEpUaJ/ia NpUMeM B HanbOsee MpOCTOM BUJE:

T=4/3/2, a=1, 2G=1, g=-4

Torma, ecnu aunartauus oTCyTCTBYET U £ = 0, TO pacYETHLIE YPABHEHUA TEOPUH
BBITVIAIAT KAK

P dey| 2 \Jdey] 37T P 2h

Ha puc. 1, a u puc. 1, 6 npusegensl TuiuuHble rpadUKy 3aBUCUMOCTU 0] ~ €]
AJ1s pa3yNMPOYHSAIOIIET0CS MATePHAJIa [IPYU OZHOOCHOM 3HAKOIIEPEMEHHOM YKeCTKOM
HATPY>XKEHUU U OTCYTCTBUM IUIATALNH.
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a1
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Puc. 1. OxHOOCHOe 3HAKONEPEMEHHOE HATDYIKEHHE MATEPHaNa IJIsi DA3HBIX €]

s cnyyas, Korga gunaTtanus MaTepuaia UMeeT MecTo u £y # 0, paccMmor-
pPeHbl [1Ba BAapHAHTA CBA3M AedOopManuit € ¥ €9 MPU NOPAMOM ¥ OOPATHOM Ha-
rpyskeHuu (Ccxembl AehOpMUPOBAHUA NpUBEAeHbl Ha puc. 2). B 06oux BapuaHTax
&9 # —61/2.

Ha puc. 3, a u puc. 3, 6 npuBefieHbl pe3yabTaThl PACYeTa HAINPSOKEHUH o)
u gedopmauuit € I BAPUAHTOB AeOPMUPOBAHUs, yKa3aHHBIX Ha DHUC. 2, a
U pUC. 2, 6, COOTBETCTBEHHO. Pe3y/bTaThl JeMOHCTPUPYIOT HEOOBIYHOEe MOBeje-
HUe HanpsKeHu# u gedopmaluil mpu 3HAKOIEPEMEHHOM XKECTKOM HAarpy KeHHH
YIJIOTHSIEMbIX Pa3yNPOYHAIOIINXCH MaTepuasaoB. OCHOBHON BBIBOJ — NPH y4éTe

€2 : : ! €2
0,4 : 0,1
0
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— 04 - - : ~-05 ,

—06 : : : . :

0 1 2 3 €1 06 1 2 3 €1
a 6

Puc. 2. TpaexTopuu IBYOCHOrO NedOPMUPOBAHM

a1 - - p a1

Puc. 3. Ocesrie Hanpsikenus u nedopMauuyn npu ABYyOCHOM IedOpMHUPOBAHUN
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Hcenenosanne 04HOOCHOro JABYOCHOrO Harpy>XeHHs pasynpOvHSAOUHXCH MaTepHaJI0B . ..

AUNATALMKE Pa3yNpPOYHSIIOIEroCsi MaTepUaa CleAyeT He «yralblBaTby XapaKTep
3aBUCUMOCTH €] ~ €2, & IKCIIEPUMEHTAIBHO YCTAHOBUTH 3aKOH AUJIATALMUN U BKJIIO-
YUTb €ro B OAHOI U3 HOpM, NPENIOKEHHBIX B ONPeNeNsIOmMX COOTHOmEeHUsx (1)
(2) wn (3), (4). |

00o6uenue Teopun Ha obaacts Gonbinmx gedopmaimit. YkakeMm st pasy-
NPOYHAIOMIMXCS. MATEPUAJIOB OVMH M3 BADUAHTOB PACLUMDPEHUST 9HAOXPOHHON Teo-
pHM HEympyroctu Ha obsactb Gonblux aedopmanuit. Cornacuo [17], B Ge3bH-
JEKCHOM 3aIiCH [(JIst TeH30poB cooTHommeHust (1), (2) 3amumyTcs B BUIe

o g+]. . o £ .
— |70+ R — P
2G [ 0g+a| I] Te+g+a'R"
O_ _O’o 3
=D, w=2, r=7(IRLIR), g<-1,

D=(L+LT)/2, L=FF1' Q=FU' Q=QQT,
2=é+€Q—Q€, 8‘=d+0Q—Q{T,

R=e—(l-a)os, IRI= %:%‘f}, \R\:[\R\dt.

3nece F — rpaguedT nedopmanuu, @ — op-

4 o]
TOrOHAJLHBIH TEH30p IMO0BOPOTa, U — mpa-

BBl TEH30p yAuiHeHus, D — TeH30p CKOpo- A
creit nedopMaluu. a4

Jlns1 JeMOHCTPAIY BO3MOXKHOCTEH! Ipef- 0,2 : ; AT :
NaraeMoro BapHaHTa pelleHa 3ajada »kect- 0,15 7S SN SRR 8 (8.
KOrO AKTHBHOrO (6e3 pasrpy3KH) Harpywe- 0,1
nus marepuana ¢ Dy; = —1, Doy = 0.3, 0.05
Dio = 0 mpu creayromux 3HAYEHUSAX mapa- ’ olex : ; L ggo
MeTpoB Teopmm: & = 1, 2G = 1, g = —4, -2-15-1-05 0 05 1
T = eXp(_.éD' Ha puc. 4 MpuBeAEHB! pye 4 AxruBHOE MpOTIOPLUOHATLHOE

rpaduKy pasBuTHs gedopmalui €11 H €22 B asyocuoe nebopMupoBaHue
33aBUCHMOCTH OT 0CeBOro Hampsizkenus. Kpu-

BBle KAUECTBEHHO OTBEYAIOT OMBITHBIM JAHHBIM, OMyOJMKOBAHHEIM B [5] st xpym-
KHUX TOPHBIX MOPOJ.

Pa6ora sbimonHena rnpu noanepxke PODU (mpoext Ne 10-01-00705-a.).
BUBJINOI'PAOUYECKUN CITMCOK

1. Maier G. Incremental plastic analysis in the presence of large displacements and physical
instability effects // Int. J. Solids Struct., 1971. Vol.7, no. 4. Pp. 345-372.

2. Hobpasumos B. A., Kmownuxos B. Jl. Hekoropele 3aaa4n 11 Cpell € rnagapiei quarpam-
moit // Hse. AH CCCP. MTT, 1971. Ned. C. 116-121. [Fbragimov V. A., Klyushnikov V. D.
Some problems for media with an incident diagram // fzv. AN SSSR. MTT, 1971. no. 4.
Pp. 116-121].

3. Kadawesuw FO. M. Teopusi MIACTHYHOCTH M NOJ3YHUECTH, yUMTHIBAKOWAA MHKDOPA3pylle-
wua // Joxa. AH CCCP, 1982. T.266, Ne6. C. 1341-1344. [Kadashevich Yu. I. The theory of
plasticity and creep taking into account the microfracture /| Dokl. AN SSSR, 1982. Vol. 266,
no. 6. Pp. 1341-1344].

4. Jlebedes A.A., Yaycos H.I. DexHomeHosorngeckue OCHOBBL OLEHKH TPEILMHOCTORKOCTH
MATEPHAIOB 10 TapaMeTPaM CHajaolX y4acTKOB AHArPaMM nedopmaunii // IIpobaemot

113




Kanawesuy FO.U., [TombiTk s C.II.

10.

11,

12.

13.

14.

15.

16.

114

npowrocmu, 1983. Ne2. C. 6-10; aurn. nep.: Lebedev A. A., Chausov N. G. Phenomenological
fundamentals of the evaluation of crack resistance of materials on the basis of parameters
of falling portions of strain diagrams // Strength of Materials. Vol. 15, no. 2. Pp. 155-160.

. Junvkoe A. M. O6 ycTOHYMBOCTM IpM DasylpOYHEHMM I[0POJ BO BpemeHu // Puauxo-

meTnuvecKue npobaemu. pa3pebomru noseanwwx uckonaemnz, 1989. Nel. C. 12-22; aunn.
nep.: Lin’kov A. M. Stability of rock as it softens with time // J. Min. Sci. Vol. 25, no.1.
Pp. 9-17.

Hosoocunoe B. B., Kadawesuw F). H. MUKpOHANpsixKEHUst B KOHCTPYKUMOHHBIX MaTepHa-
nax. JI.: Mammnocrpoenue, 1990. 223 c. [Novozhilov V. V., Kadashevich Yu. I. Microstresses
in Structural Materials. Leningrad: Mashinostroenie, 1990. 223 pp.]

Bacun P. A., Enuxees @. Y., Masypexutd M. H. O marepuanax ¢ najarwuei Juarpammo [/
Hze. PAH. MTT, 1995. Ne2. C. 181-182. [Vasin R.A., Enikeev F.U., Mazurskit M.L
Materials with a Falling Diagram // Izv. RAN. MTT, 1995. no.2. Pp. 181-182].

Hurumun JI. B. 3axpuTHYECKOE [IOBEEHUE PA3yNPOYHAOMXcs MaTepuanos // Joxa. AH,
1995. T. 342, Ne 4. C. 487-490; anrut. nep.: Nikitin L. V. The postcritical behavior of a strain-
softening material // Phys.-Dokl., 1995. Vol. 40, no. 6. Pp. 300-303.

Buavdeman B. 3., Coxoaxun FO. B., Tawxues A. A. Mexanuxa Heynpyroro aedpopMupoBa-
HUS ¥ Pa3pylleHMs KOMIO3MUMOHHBIX Marepuasos. M.: Hayxa, ®uamatmur, 1997. 288 c.
[Vil’deman V. E., Sokolkin Yu. V., Tashkinov A.A. Mechanics of inelastic deformation and
fracture of composite materials. Moscow: Nauka, Fizmatlit, 1997. 288 pp]

Cmaspozun A. H., Tapacoe B. I, Ileesnep E. /. Bausinue ckopocTH nehOPMUPOBAHHUA HA
3anpesesbHble XaPAKTEPHCTUKHU TOPHBIX Nopos // Puauxo-mexrnuwecxue npobaemvl pa3-
pabomxu noaednwmr uckonaemwz, 1982, Ne5. C. 8-15; anrn. nep.. Stavrogin A.N.,
Tarasov B. G., Fevazner E. D. Influence of deformation velocity on the limiting characteristics
of rocks // J. Min. Sci, 1982. Vol.18, no.5. Pp. 360-366.

Cmpyorcaros B. B. ACCOUNMPOBAHHBIA U MHKPEMEHTAJIbHBIN 32KOH [JIACTHYECKOrO TeYEHHs
AJ15t CPeJ, MPOABIIAIONX AedOPMAUMOHHOe pa3ynpounenue // Has. Ypaa. zoc. yn-ma, 1998.
Ne10. C. 92-101. [Struzhanov V. V. The associated and the incremental laws of plastic
yielding for strain-softening media // Izv. Ural. Gos. Un-ta, 1998. no. 10. Pp. 92-101].
Cmpyowcarnos B. B., Bawypoe Bsaw. B., Kapumos II. . K onpeaeneHuio napameTpoB HH-
KPEMEHTAIbHOrO 3aKOHA [UIACTWYHOCTH AJIsi M30TPONHBIX Ten // H3e. Ypaa. zoc. yn-ma,
1999. Me14. C. 119-134. [Struzhanov V. V., Bashurov Vyach. V., Karimov P.F. On the
determination of parameters of the incremental plasticity law for isotropic media // lzv.
Ural. Gos. Un-ta, 1999. no. 14. Pp. 119-134].

Cmpyorcanos B. B. Ynpyronnactuyeckas cpeja ¢ pasynpodnenuem. Coobwenne 1. Cpoii-
CTBa MaTepualla M MHKDEMEHTAIbHbIM 3aKOH [JJACTHYHOCTH NDPU pacTsikeHuu // Becmi.
Cam. zoc. mezn. yn-ma. Cep. Qua.-mam. nayxu, 2006. Ne42. C. 49-61. [Struzhanov V. V.
Elastoplastic medium with a softening. Part 1. Material properties and incremental plasticity
law is in tension // Vestn. Sam. Gos. Tehn. Un-ta. Ser. Fiz.-Mat. Nauki, 2006. no.42.
Pp. 49-61].

Cmpyorcanos B. B. Yupyromnnactuyeckas cpefa ¢ padynpounenuem. Coobuenue 2. Onpege-
JISFOLME COOTHOIIEHWS [IPYU CJI0XKHOM HAIPsSIKeHHOM cocTosuuu // Beecmn. Cam. zoc. mezn.
yn-ma. Cep. Qu3.-mam. nayxu, 2006. Ne43. C. 68-80. [Struzhanov V. V. Elastoplastic
medium with a softening. Part 2. Defining relations for complex stress state // Vestn. Sam.
Gos. Tehn. Un-ta. Ser. Fiz.-Mat. Nauki, 2006. no.43. Pp. 68-80].

Cmpyowcanos B. B., Bawypos Bawx. B. Moaudbuuuposannas momenb Masunra // Becmn.
Cam. zoc. mezn. yn-ma. Cep. Qua.-mam. nayxy, 2007. Ne1(14). C. 29-39. [Struzhanov V. V,,
Bashurov Vyach. V. The modified Masing model // Vestn. Sam. Gos. Tehn. Un-ta. Ser. Fiz.-
Mat. Nauki, 2007. no.1(14). Pp. 29-39].

Cmpyocarnos B. B., IIpoceupaxos E. ). Pactsxenue ¢ xpydennem. Coobwenue 1: Csoli-
crea marepuana// Becmwn. Cam. zoc. mezn. yn-ma. Cep. Qus.-mam. nayxu, 2008
Ne1(16). C. 36-44. [Struzhanov V. V., Prosviryakov E. Yu. Tension with torsion. Part 1.

Material properties // Vestn. Sam. Gos. Tehn. Un-ta. Ser. Fiz.-Mat. Nauki, 2008. no. 1(16).
Pp. 36-44].



HCC.HG,HOB&HHG OZHOOCHOr0O H ABYOCHOIO HArPy>KeHHs1 PDal3yrpPOYHSIOU[HXCSH MATEPHAJIOB . . .

17. Kadawesuw FO. H., Hosvmxur C.Il. DHD0XpoHHAsA TEOPUS HEYNIPYTOCTH AJA Pa3ynpody-
HAIOUUXCA MATEPUAJIOB ¢ y4eToM bonbuux gedopmauuii / B ¢6.: Cospemennvie npobaemo
pecypea mamepuaros v xonempyxyud. M. MAMU, 2009. C. 158-165. [Kadashevich Yu. 1.,
Pomytkin S. P. Endochronic theory of inelasticity for softening materials with regard to
large deformations/ In: Modern problems of resource materials and structures. Moscow:
MAMI, 2009. Pp. 158-165].

18. Kadaweeuw FO. H., Homwmxun C.II. Yder aunaTauuu B 3HA0XPOHHON TEOPUH MJIACTHYHO-
ctn/ B c6.: Mawuns u annapamu yeantonodno-bymascrozo npoudsodcmea. CII6.: CII6T-
TYPII, 2001. C. 127-129. [Kadashevich Yu.I., Pomytkin S. P. Account of dilation in the
endochronic theory of plasticity. St. Petersburg: SPbGTURP, 2001. Pp. 127-129)].

19. Kadawesun FO. H., Homwmxun C. II. Onucanye TPEXOCHOr0 NMPOCTOro HArPY XKEeHUs B paM-
Kax HAOXPOHHOM TEOPHH HEYNPYroCTH, YYUTHIBAIOWEH AM/aTaumMi0 marepuanos/ B cb.:
Mowunw u annapams: 4eantoa03no-6ymascrozo npoussodemea. CII6.. CII6GITYPII, 2008.
C. 68-73. [Kadashevich Yu. I, Pomytkin S. P. Description of triaxial simple loading in the
endochronic theory of inelasticity, taking into account materials dilatation. St. Petersburg:
SPbGTURP, 2008. Pp. 68-73].

2. Colymbas D. Generalized hypoelastic constitutive equation: Predictions for hollow-cylinder
and cube tests/ In: Proc. of the Int. Workshop on Constitutive Equations for Granular
Non-Cohesive Soils. Rotterdam, 1988. Pp. 349-366.

2. Kolymbas D., Herle I., Von Wolffersdorff P. A. Hypoplastic constitutive equation with
internal variables // Int. J. Numer. Anal. Meth. Geomech. Vol.19, no.6. Pp. 415-436.

22. Paduenxo B.Il., Andpeesa E. A. O6 sddexre Bayunnrepa Ha cTaanu MIaCTUYECKOTO Pady-
npouHenns marepuana/ B c6.: Sumnas wrora no meranuxe cnaownne cped. 4. 1. Ilepwms,
2007. C. 42-45. [Radchenko V. P., Andreeva E. A. On the Bauschinger effect at the stage
of plastic softening of the material / In: Winter School on Continuum Mechanics. Vol. 1.
Perm’, 2007. Pp. 42-45].

Toctynmuna B pemaxumio 17/X/2011;
B OKOHYaTesIbHOM Bapuanrte — 22/X1/2011.

MSC: 74C20

INVESTIGATION OF UNIAXIAL AND BIAXIAL LOADINGS OF
SOFTENING MATERIALS IN ENDOCHRONIC THEORY OF
INELASTICITY

Yu.I. Kadashevich, S. P. Pomytkin

Saint-Petersburg State Technological
University of Plant Polymers,
i, Ivan Chernykh st., St. Petersburg, 198095, Russia.

E-mails: yulij.kadashevich@yandex.ru, sppomQ@yandex.ru

Uniazial and biazial alternating strains of softening matertals are ezplored in the
framework of inelastic theory of endochronic type accounting material dilatation. Con-
stitutive relations generalized for large strain domain are proposed. Some simulated
eramples for demonstration of theory capability are presented.
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